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The bending f requenc ies  of a l a r g e  space  v e h i c l e ,  such a s  t h e  
Saturn V/S-lC, can be  de t r imen ta l  t o  t h e  s t a b i l i t y  of t h e  system. 
A scheme f o r  f i l t e r i n g  t h e  bending f requenc ies  from t h e  c o n t r o l  
information is  t o  keep t h e  same r e l a t i v e  s t a b l e  p o s i t i o n  between 
t h e  bending mode z-plane po les  and corresponding compensation 
zeros .  
The e f f e c t s  of varying t h e  sampling per iod  on a reduced o rde r  
Sa turn  V/S-1C i s  presen ted  f o r  s e v e r a l  f l i g h t  t i m e s .  Included a r e  
open and c losed  loop s t u d i e s  when sampling pe r iod  i s  va r i ed  and a 
t y p i c a l  compensation of t h e  system. Conclusions regarding t h e s e  
a r e  a l s o  presen ted .  
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INTRODUCTION 
I n  recent  years  t he  design and a n a l y s i s  techniques app l i cab le  t o  
t he  complex systems r e s u l t i n g  from space technology have undergone many 
changes. However, many of t he  c l a s s i c a l  methods have proved b a s i c a l l y  
t o  be sound and u s e f u l ,  even though the  systems have increased  i n  
complexity. The d i g i t a l  computer has g r e a t l y  a ided  the  pragmatic  
engineer  i n  h i s  ques t  f o r  upgrading h i s  a n a l y s i s  t o o l s .  
The s i z e  of t h e  systems, e s p e c i a l l y  t h e  Sa turn  V ,  has l e d  the  ana- 
l y s t  t o  consider  techniques f o r  t h e  improvement of t h e  system response 
c h a r a c t e r i s t i c s  t h a t  were n o t  thought f e a s i b l e  i n  t h e  p a s t .  One of t h e  
a r eas  of concern i n  t h e  Sa turn  V/S-1C has been t h a t  of suppressing t h e  
bending f requencies .  This r e p o r t  gives r e s u l t s  p e r t i n e n t  t o  t h e  s tudy  
of bending frequency f i l t e r i n g  through adap t ive  sampling. 
The system under s tudy  i s  a s i m p l i f i e d  v e r s i o n  of t h e  Sa turn  
V/S-1C. Two bending modes and one s l o s h  mode have been included i n  
t h e  system dynamics leading  t o  a t h i r t e e n t h  o rde r  system. The open 
loop t r a n s f e r  func t ion  of t h e  system has been determined. A p a r t i a l  
f r a c t i o n  expansion l e d  t o  a corresponding z-transform equ iva l en t .  The 
movement of t h e  poles  of t h e  open loop t r a n s f e r  func t ion  has been 
determined as a func t ion  of v e h i c l e  f l i g h t  t ime and sampling per iod .  A 
s tudy  of t he  e f f e c t s  of sampling per iod  v a r i a t i o n  on t h e  poles  of t h e  
c losed  loop system has  been completed f o r  sampling per iods  of O - < T 2 1.0.  
I n  t h i s  s tudy two techniques were used--the modified r o o t  locus and t h e  
frequency response methods. F i n a l l y ,  a t y p i c a l  compensation f o r  t h e  
system was designed. For t h e  chosen compensator t h e  s e n s i t i v i t y  of t h e  
system wi th  r e s p e c t  t o  f l i g h t  time and sampling pe r iod  was checked. 
I n  t h i s  r e p o r t  complete s t u d i e s  of t h e  behavior  of t h e  system t o  
sampling pe r iod  v a r i a t i o n  a r e  g iven  f o r  0 2 T 2 1.0 .  I n  completing t h e s e  
s t u d i e s  s e v e r a l  a n a l y s i s  techniques were developed. Furthermore, i t  was 
necessary t o  r e d e f i n e  o r  d e f i n e  s e v e r a l  terms. These a r e  i n d i c a t e d  i n  
t h e  t e x t  of t h e  m a t e r i a l .  
OPEN LOOP STUDIES 
A s i m p l i f i e d  s e t  of e q u a t i o n s  f o r  t h e  S a t u r n  V/S-1C S t a g e  was 
f u r n i s h e d  by NASA. A b l o c k  diagram of t h e s e  e q u a t i o n s  i s  shown i n  
F i g u r e  1. I n  o r d e r  t o  a i d  i n  t h e  s t u d y  of t h e  performance of t h e  
sys tem a s  a f u n c t i o n  o f  sampl ing p e r i o d ,  i t  i s  n e c e s s a r y  t o  reduce 
t h e  b l o c k  diagram. F i r s t ,  t h e  p o r t i o n  i n  t h e  d o t t e d  l i n e s  i n  
F i g u r e  1 is  a t t a c k e d .  Through t h e  r e p e a t e d  u s e  o f  t h e  t echn iques  o f  
b l o c k  diagram a l g e b r a ,  t h e  d o t t e d  p o r t i o n  i n  F i g u r e  1 is  reduced t o  
F i g u r e  2 ,  For  a v o i d i n g  t h e  cumbersomeness of t h e  e x p r e s s i o n s  i n  t h e  
b l o c k s  i n  F i g u r e  2 ,  t h e  e x p r e s s i o n s  a r e  r e d e f i n e d  by t h e  fo l lowing  
sequence  : 
Using t h e s e  e q u a l i t i e s ,  F i g u r e  2  becomes F i g u r e  3 ,  which i s  e a s i l y  
reduced t o  F i g u r e  4  when 
G,(s)  = -C2 + K 4  B 6  
I 
and 
B a O  = B 8  + B 6  B 7  - C1 . 
To d e c r e a s e  t h e  complexity of t h e  p reced ing  e x p r e s s i o n s  many of  t h e  
common terms i n  ( I ) ,  ( 2 ) ,  and (3) a r e  r e d e f i n e d  a s  f o l l o w s  : 
Using the  e x p r e s s i o n s  i n  ( 6 ) ,  (4) becomes 
-C2ED + C ~ Y S '  + K4C1D - K4XAs 
G1(s) = 
(ED - y s 3 )  
Simi l a r l y ,  (5) evolves as 
X A B E - C ~ E D I . C ~ Y S ~ + K ~ C ~  (K~+K~)IKK~C~YBS~-XA(K~+K~)S 
B1o = (8b) (ED - ys3)  
El iminat ing t h e  feedback loop i n  Figure (4)  y i e l d s  




i n  which t h e  r a t i o n a l  polynominal, B1 0 ,  i s  defined a s  
The product ,  Gl ( s )  G2(s) ,  i s  denoted a s  
S u b s t i t u t i n g  f o r  X,  A, B, E, D,  and Y from (6) ,  t h e  numerator,  G~~ 
and t h e  denominator, GTD , become 
+ I - C2(us12+ 26s us K K )  + K C  26 us - 1 1 5 7  4 1 s 1  1  
and 
With t h e  a i d  of ( 9 ) ,  ( l o ) ,  and (13) and a d d i t i o n a l  b lock  diagram 
r educ t i on  t h e  t o t a l  b lock  diagram of t h e  system, F igu re  1, is  reduced 
t o  F igure  5 wi th  
and 
Kll = (y;iRG)(57*3) 
With no compensation network and wi th  samplers and hold devices ,  
Ho, i n s e r t e d  i n  t h e  and @T pa ths ,  i t  is e a s i l y  seen t h a t  i f  t h e  
Poop was broken a t  $T t h e  diagram p i c t u r e d  i n  Figure 6 r ep re sen t s  t h e  
open loop t r a n s f e r  func t ion ,  The r e l a t i o n  between t h e  sampled inpu t  
and output  f o r  t h i s  block diagram f~ 
S i m i l a r l y ,  i t  can be shown t h a t  
Prom (21) and (22)  t h e  c h a r a c t e r i s t i c  equat ion r e l a t e d  t o  4 and 4 is 
To f a c i l i t a t e  i n  f i nd ing  t h e  z-transform of 
t h e  p a r t i a l  f r a c t i o n  expansion of i t  i s  needed. Because of t he  com- 
p l e x i  t y  of t h i  s expres s i  on, f i nd ing  t h e  p a r t i a l  f r a c t i o n  expansion 
by hand c a l c u l a t i o n s  is  very imprac t i ca l .  However, by employing t h e  
d i g i t a l  computer program i n  Appendix A much of t h i s  t a s k  is  absorbed, 
This program y i e l d s  t he  poles  and p a r t i a l  f r a c t i o n  c o e f f i c i e n t s  of 
HOWss [ ( s  + 1 )  GT + (Kg -+ K10s)G3 + (Kg + Kl i ~ ) G 4 ]  f o r  s e v e r a l  va lues  
of f l i g h t  t imes. 
As an ind ica t2an  t o  t h e  way t h e  continuous system is a f f e c t e d  by 
f l i g h t  t ime, t h e  l o c i  of t he  poles  of HoWss[(s + l)GT + (Kg + KIDs)G3 + 
(Kg + Klps)G4] of prime importance a s  a  func t ion  of f l i g h t  time a r e  
shown f n  F igures  7 - 8. * From t h e s e  f i g u r e s  i t is  seen  t h a t  t h e  imagi- 
nary p a r t s  of t h e  poles  of t h e  f i r s t  and second bending modes inc rease  
i n  a  l i n e a r  f a sh ion  wi th  r e spec t  t o  f l i g h t  t ime;  whereas,  t h e  r e a l  p a r t s  
remain almost cons tan t  f o r  a l l  f l i g h t  t imes. This i n d i c a t e s  t h a t  i n  t h e  
z-plane t h e  pa ths  of t h e  l o c i  of t h e s e  poles  w i l l  be  c i r c u l a r  i n  na tu re .  
The second s lo sh ing  mode l o c i  have s i m i l a r  c h a r a c t e r i s t i c s  except  t h a t  
t h e  r e a l  p a r t  of t h e  poles  changes much more than those of t h e  bending 
mode poles .  This  is  an  i n d i c a t i o n  of a  s p i r a l i n g  type  motion i n  t h e  
xe The po le s  of prime importance f o r  t h e  s impl ied  ve r s ion  of t h e  
Sa turn  V/S-PC a r e  t he  poles  of t h e  f i r s t  and second bending mode, t he  
second s l o s h  mode, t h e  d r i  f t  and r i g i d  body. 
z-plane. As  f o r  t h e  o t h e r  po le s ,  they possess  somewhat d i f f e r e n t  motions. 
For example, t h e  r i g i d  body poles  move down t h e  imaginary a x i s  t o  t h e  
r i g h t  u n t i l  a  f l i g h t  time of about 90 seconds i s  achieved. Then i t  
p a r t i a l l y  r e t r a c e s  t h e  pa th  i n  t he  o t h e r  d i r e c t i o n ,  This po le  w i l l  have 
a  s i m i l a r  motion i n  t h e  z-plane. The d r i f t  po les  have a  s i m i l a r  a c t i o n  
b u t  i n  t h e  oppos i te  d i r e c t i o n .  They w i l l  a l s o  possess  s i m i l a r  pa ths  i n  
t h e  z-plane, 
With t h e  informat ion  from t h e  a lgor i thm i n  Appendix A ,  i t  i s  easy 
t o  ob ta in  t h e  z-transform of HoWSs[(s + l)GT + (Kg + K10s)G3 + 
(Kg + Kl1s)G4Ie This i s  seen  i n  t h e  fol lowing sequence. The p a r t i a l  
f r a c t i o n  expansion of HoWss[(s + l)GT + (K8 + K10s)G3 + (Kg + K11s)G4] 
i s  of t h e  form 
t h e  z- t r a n s  f  o m  f s thus  
K I Z  . + K2Z + G o b )  = ' "  K3Z 
-a1 T + ... -a2T -a3 31 
z - e  z - e  Z - e  
where the  K ' s  a r e  t h e  p a r t i a l  f r a c t i o n  c o e f f i c i e n t s  and the  a ' s  a r e  t h e  
poles  of t h e  open loop t r a n s f e r  func t ion .  The next  s t e p  is  t o  determine 
t h e  movement of t h e  poles  of (25) a s  sampling per iod  i s  va r i ed .  The 
computer program i n  Appendix B i s  used f o r  ob ta in ing  t h i s  i n f o r m a t i ~ n .  
P l o t s  of t h e  movements of t h e  poles  of prime i n t e r e s t  f o r  s e v e r a l  
f l i g h t  t imes a r e  seen  i n  Figures  9 - 25. 
From t h e s e  p l o t s  one immediately s e e s  t h a t  t h e  f i r s t  and second 
bending mode po le s  move i n  very nea r ly  c i r c u l a r  pa ths .  A f i r s t  con- 
c lu s ion  is  t h a t ,  s i n c e  the  f i r s t  and second bending mode poles  move i n  
approximate c i r c u l a r  pa ths  i n  a  nea r ly  i i n e a r  fash ion  a s  f l i g h t  t i m e  
is  va r i ed ,  t h e  oppos i te  e f f ecc  can be i n s t i g a t e d  by changing the  sampling 
per iod ,  That i s  t h e  bending poles  can be maintained a t  approximately 
cons tan t  p o s i t i o n s  i n  t he  z-plane a s  f l i g h r  rime inc reases  by changing 
the  sampling per iod  i n  t h e  proper  manner, Another conclusion 
from these  p l o t s  i s  t h a t  t h e  bending mode poles  a r e  most a f f e c t e d  by a  
v a r i a t i o n  i n  sampling per iod .  This is  p r imar i ly  due t o  t h e  f a c t  t h a t  
t h e  imaginary p a r t  of t h e  bending mode s-plane poles  is  much g r e a t e r  than  
any of t h e  o t h e r  po les .  Thus, a f e a s i b l e  i d e a  i s  t h a t  a l l  t h e  poles  can 
b e  maintained i n  approximately a  f i x e d  p o s i t i o n  by varying t h e  sampling 
period.  However, whether ch i s  i d e a  i s  workable w i l l  depend g r e a t l y  on 
t h e  e f f e c t s  on t h e  system of t h e  movement of t h e  d r i f t  and r i g i d  body 
poles  wi th  r e s p e c t  t o  f l i g h t  t ime,  s i n c e  they move i n  such a  way t h a t  
varying t h e  sampling per iod  w i l l  no t  dupl icaee  t h e i r  previous p o s i t i o n s ,  
Another drawback t o  t h i s  i d e a  i s  t h a t  i f  h ighe r  modes of bending and 
s lo sh ing  were inc luded ,  they might be a f f e c t e d  most by a  v a r i a t i o n  I n  
sampling. The i r  e f f e c t  on t h e  response of t h e  system would depend 
g r e a t l y  on t h e  magn i~ude  of t h e i r  damping r a t i o  a s  compared t o  chose of 
t h e  f i r s t  and second bending modes and second s l o s h  mode, I f  t h e i r  damp- 
ing  r a t i o  is  l a r g e ,  compared t o  t he  damping r a t i o s  of t h e  f i r s t  and second 
bending modes and second s l o s h  mode, t h e i r  l o c i  i n  t h e  I-plane w i l l  s p i r a l  
very quickly i n t o  a  neighborhood near  t h e  o r i g i n  whi le  t he  o t h e r  po les  
w i l l  s t i l l  be  l i n g e r i n g  near  t he  u n i t  c i r c l e .  I n  terms of frequency 
response of t h e  system t h e  movement of t h e  h ighe r  modes i n  t h i s  manner 
may be i n t e r p r e t e d  a s  having l i t t l e  e f f e c c  on rhe  magnitude response 
bur g iv ing  a  s i g n i f i c a n t  con t r ibu t ion  t o  t h e  phase response. 
CLOSED LOOP STUDIES 
When a sampler and hold  device a r e  p l a c e d  i n  t h e  loop  s f  a con- 
t inuous feedback c o n t r o l  system, the  responses of t he  system a r e  noe 
t h e  same a s  they were i n  t h e  continuous system. I n  f a c t ,  t he se  responses 
can be  modified t o  some e x t e n t  by a  v a r i a t i o n  i n  t h e  sampling r a t e .  
The i n s e r t i o n  of t h e  sampler does not  a l t e r  t h e  o r i g i n a l  s-plane poles  
of t h e  open loop system. However, t h e  c losed  loop poles  can be i n  many 
cases  a f f e c t e d  g r e a r l y .  This means t h a ~  f o r  a  conscant open loop g a i n  
t h e r e  e x i s t s  a manifold of c losed loop poles  f o r  each open loop pole .  
Corresponding t o  each po le  on t h e  manifold t h e r e  is a p a r t i c u l a r  sam- 
p l i n g  per iod  o r  sampling pe r iods ,  A manifold of a  po le  can conta in  both 
s t a b l e  and uns t ab le  members. I n  order  f o r  t h e  c losed  Poop system t o  b e  
s t a b l e  each c losed  loop p o l e  must s imultaneously be  a  member of t h e  s t a b l e  
p a r t  of i t s  manifold. I f  a p o l e ' s  manifold does no t  possess  a  s t a b l e  
po r t ion  then  i t  i s  impossible  f o r  t h e  system t o  be  s t a b l e  unless  i r  i s  
modified. I n  some cases  a  system can b e  modifled by changing the  open 
loop ga in ,  I n  o t h e r  cases  an addi  t i  s n a l  network must be placed i n  t h e  
system. This nerwork can e i t h e r  be  a  continuous network o r  a  d i g i t a l  
network. 
Although t h e r e  can be a  s e t  of sai~lpEing per iods  f o r  whieh a  system 
i s  s t a b l e ,  t h i s  does not  n e c e s s a r i l y  mean t h a t  t h e  system i s  r e l a t i v e  
s t a b l e ,  2k Thus t h e  s e t  of sampling per iods  f o r  whf eh d e s i r a b l e  charactez-  
i s t i e s  of a  system can be  achieved i s  cons t ra ined  even more, I n  o rde r  t o  
determine i f  a  system possesses  d e s i r a b l e  behavior  p a t t e r n s ,  i n v e s t i g a t i o n  
*A system i s  r e l a t i v e  s t a b l e  i f  t he  des i r ed  s t a b i l i t y  margins have 
been ach i  eved. 
o f  many sampling p e r i o d s  is  n e c e s s a r y ,  Several t echn iques  f o r  s tudy ing  
t h e  b e h a v i o r  of a system t o  changes i n  sampling p e r i o d  have  been con- 
s i d e r e d ,  The two methods which were found eo b e  t h e  most u s e f u l  a r e  t h e  
modi f i ed  r o o t  l o c u s  method and izhe frequency response  method. The modi- 
f i e d  r o o t  Pocus method i s  a  s y n t h e s i s  merhod f n  t h a e  i t  p e r m i t s  t h e  
s t u d y  o f  t h e  movement o f  t h e  c l o s e d  loop  p o l e s  a s  s m p l f n g  p e r i o d  is  
v a r i e d ,  On t h e  o t h e r  hand,  ehe f requency response  method i s  more a p p l i -  
c a b l e  t o  d e s i g n  because  i t immediately p r e s e n t s  t h e  neeessa-ry f  n f o r m a t i  on 
f o r  compensating and de te rmin ing  r e l a t i v e  s e a b i l i t y .  Both of t h e s e  
methods are i n c o r p o r a t e d  i n t o  t h e  s t u d y  of s t a b i l i t y  as a f u n c t i o n  sampling 
f o r  t h e  s i m p l i f i e d  v e r s i o n  o f  t h e  S a t u r n  V/S-LC,  
A  s t u d y  o f  t h e  s t a b f l i t y  o f  t h e  sysrem a s  a  f u n c t i o n  of sampling 
p e r i o d  i s  i n s t i g a t e d  f o r  sampl ing p e r i o d s  from 0 t o  1 . 0  seconds  (sampling 
f r e q u e n c i e s  from t o  1 . 0  h z ) .  Th i s  s t u d y  i s  done i n  a  two p a r t  pro- 
cedure ,  F i r s t ,  t h e  s t a b i l i t y  of t h e  c l o s e d  loop  system f o r  sampl ing 
p e r i o d s  from 0.0 t o  0.49 seconds  i s  determined by u s i n g  t h e  "modified 
r o o t  l o c u s  t echn ique" ,  which is  implemented by t h e  a l g o r i t h m  i n  Appen- 
d i x  D.* The r e s u l t s  o f  t h f s  scudy f o r  an  open loop g a i n  s f  1 .0  a r e  shown 
i n  F i g u r e s  26-39; whereas ,  t h e  r e s u l t s  f o r  an open l o o p  g a i n  of -1.0 a r e  
shown f n  F i g u r e s  40-53, Again o n l y  t h e  p o l e s  o f  prime imporeance a r e  
shown. 
An i n v e s t i g a t i o n  of t h e  p l o t s  w i l l  show t h a t  t h e  l o c i  a c t u a l l y  do 
n o t  b e g i n  a t  T  = 0 b u t  s ta r t  a t  s l i g h t l y  above t h f s  v a l u e ,  Because of 
computa t iona l  e r r o r  i t  i s  p r a c t i c a l l y  i m p o s s i b l e  t o  o b t a i n  a c c u r a t e l y  
ehe l o c i  when T is v e r y  n e a r  0 ,  However, t h i s  does not mean t h a t  i t  
* A modi f ied  r o o t  Pocus i s  a l o c u s  as a f u n c t i o n  of sampl ing 
p e r i o d .  
is  i m p o s s i b l e  t o  de te rmine  t h e  p rox imi ty  of t h e  p o l e s  o f  t h e  c l o s e d  loop  
system when T = 0. I n  f a c t ,  f o r  an  e r r o r  sampled u n i t y  feedback c o n t r o l  
sys tem which h a s  an  s-plane open loop t r a n s f e r  f u n c t i o n  t h a t  has  n  p o l e s  
and n  - 2  o r  l e s s  z e r o s ,  t h e r e  a r e  n z-plane p o l e s  of t h e  c l o s e d  loop 
t r a n s f e r  f u n c t i o n  a t  z  = l when T  = 0. The proof  of t h i s  i s  a s  f o l l o w s :  
Given a n  s - p l a n e  f u n c t i o n  of t h e  £ o m  
The z-plane c l o s e d  loop t r a n s f e r  f u n c t i o n  o f  an error-sampled-uni ty  
feedback c o n t r o l  sys tem w i t h  t h e  above s -p lane  open loop  t r a n s f e r  f u n c t i o n  
is  of  t h e  form 
The c h a r a c t e r i s t i c  e q u a t i o n  becomes 
where (24) h a s  been expanded by p a r t i a l  f r a c t i o n  expansion.  Taking t h e  
z- t ransform,  (26) becomes 
K2Z Knz 
f + ... = 0 
-a2T -anT 
Z- e  z-e 
L e t t i n g  T - 0 and f i n d i n g  a l e a s t  common denominator ,  (27) evo lves  as 
(z-1)" 2 [ K ~  ( z - ~ ) ~ - ' z  + K? (z-l)"-'z i . . . 4- ~ ( z - l ) " - ~ z ]  = 0 (30) 
However, t h e  sum of t h e  p a r t i a l  f r a c t i o n  c o e f f i c i e n t s  f o r  a  r a t i o n a l  
polynomial  i s  z e r o  i f  t h e  denominator o r d e r  f s  two o r  more g r e a t e r  t h a n  
t h e  numerator ,  There fore  (29) becomes 
Thus when T  = 0 , t h e r e  a r e  n  r o o t s  of t h e  c h a r a c t e r i s t i c  e q u a t i o n  a t  
z = l* 
Observing t h e  f i g u r e s  o f  t h e  sys tem w i t h  an open loop  g a i n  of 1 . 0  
( F i g u r e s  26-39), i t  is  s e e n  t h a t  t h e  l o c i  have similar shapes  f o r  a l l  
f l i g h t  t i m e s . *  One major  d i f f e r e n c e  of t h e  l o c i  is t h e  r a p i d i t y  of 
movement of c e r t a i n  p o l e s  f o r  d i f f e r e n t  f l i g h t  t i m e s ,  The r e a s o n  f o r  
t h i s  i s  t h e  change i n  t h e  p o l e s  as f l i g h t  t ime  changes.  (These changes 
can b e  s e e n  i n  F i g u r e s  7-8 which a r e  t h e  l o c i  of t h e  p o l e s  as a f u n c t i o n  
o f  f l i g h t  t i m e , )  These f i g u r e s  a l s o  demons t ra te  t h a t  a p o s i t i v e  e f f e c t  
o f  c l o s i n g  t h e  Poop i s  t h a t  t h e  open loop u n s t a b l e  d r i f t  p o l e s  moved 
i n t o  t h e  u n i t  c i r c l e ,  t h u s  becoming s t a b l e .  The n e g a t i v e  e f f e c t  of 
c l o s i n g  t h e  loop  w i t h  a g a i n  o f  1 , O  i s  t h a t  f o r  every sampling p e r i o d  
i n  t h e  set  ( 0 ,  0.49) t h e r e  i s  a t  l e a s t  one p o l e  s f  t h e  f i r s t  o r  second 
bend ing  modes whf eh i s  beyond t h e  u n i  t cf r c l e .  A s  f o r  t h e  s l o s h  and 
r i g i d  body p o l e s ,  they were  a f f e c t e d  on ly  s l i g h t l y  by c l o s i n g  t h e  loop.  
The o v e r a l l  r e s u l t  i s  t h a t  f o r  an  open loop g a i n  of 1 .0  t h e  sys tem i s  
n o t  s t a b l e  f o r  any f l i g h t  times when TE ( 0 ,  0 .49) .  
On t h e  o t h e r  hand, t h e  f i g u r e s  of t h e  modi f i ed  r o o t  l o c u s  f o r  a n  
open loop  g a i n  of -1 ( F i g u r e s  40-53) i n d i c a t e  an  opposi  t e  b e h a v i o r  i n  
t h e  movement o f  t h e  d r i f t  and second bending mode p o l e s ,  I n s t e a d  o f  
*When an  open loop  g a i n  of 1 .0  i s  used,  t h e  r e s u l t  is  a n e g a t i v e  
feedback sys tem;  whereas a -1.0 open loop  g a i n  g i v e s  a  p o s i t i v e  feedback 
system.  
t h e  d r i f t  po les  moving i n t o  t h e  u n i t  c i r c l e ,  one moves f a r t h e r  away from 
t h e  u n i t  c i r c l e  whi le  one s t a y s  i n  a v i c i n i t y  of z = 1 . 0 .  The f i r s t  and 
second bending mode poles  l o c i  a r e  confined t o  t he  i n r e r i o r  of t h e  u n i t  
c i  r c l e  f o r  most sampling perf  ods. A s  i n  t h e  case of che open loop ga in  
of 1 .0 ,  t h e  second s l o s h  mode and r i g i d  body poles  a r e  a f f e c t e d  very 
l i t t l e ,  and thus  they remain very c losed  t o  t h e f r  open loop l o c i  f o r  most 
sampling per fods ,  The conclusions drawn from these  f i g u r e s  a r e  t h a t  t h e  
system i s  more uns tab le  f o r  a g a i n  of - 1 , O  than f o r  a ga in  of 1 .0.  
Furthermore, i t  is  conceived t h a t  i t  would b e  more d i f f i c u l t  t o  s t a b i l i z e  
t h e  system f o r  a ga in  of -1.0. 
The second p a r t  of t he  i n v e s t i g a t i o n  i s  a s tudy of sampling per iods  
from 0 , 5  t o  1.0.  A d i f f e r e n t  approach f o r  s tudying  t h e  s t a b i l i t y  a s  
sampling per iod  i s  va r i ed  is used, The approach is  t h e  frequency response 
method. Using t h i s  approach i n  conj unct ion wi th  t h e  Nyquist s t a b i l i t y  
c r i t e r i o n  f o r  a sampled-data system, s t a b i l i t y w i s e ,  t hese  s t u d i e s  produce 
p a r a l l e l  r e s u l t s  t o  those f o r  sampling per iods  between 0 and 0.49, t h a t  
i s  f o r  most f l i g h t  times t h e  system i s  uns tab le .  However, t h e r e  is a 
set of sampling periods i n  which t h e  system e x h i b i t s  t h e  n e a r e s t  s t a b l e  
c h a r a c r e r i  s t i c s  of any sampling per iods  t h a r  a r e  s t u d i e d ,  This neigh- 
borhood of sampling periods i s  centered  a r  approximate 0.34 seconds. 
The most i n t e r e s t f n g  proper ty  of t h i s  neighborhood i s  izhar t h e  system 
i s  s t a b l e  f o r  some f l i g h t  t imes.  A Nyquist p l o t  f o r  a sampling per iod  
of 0.79 seconds and f l i g h t  time of 40 seconds is  shown i n  Figure 54, 
Studying t h i s  diagram and gfving cons idera t ion  t o  t h e  nega t ive  frequency 
p o r t i o n ,  which i s  not  shown, a t o t a l  of two counterclockwise encf rc le -  
ments of t h e  (0 dB, 180') po in t  is  counted. Using the  Nyquist s t a b i l i t y  
c r i t e r i o n  f o r  a sampled-data system i t  is  deduced, s i n c e  t h e  open loop 
system has two poles  ou t s ide  the  u n i t  c i r c l e ,  t h a t  the  system i s  s t a b l e .  
However, t h i s  i s  no t  t he  case  f o r  a11 f l i g h t  t imes. Because t h e  open 
loop r i g i d  body pole  moves nea r  t he  o r i g i n  i n  t he  manner i n d i c a t e d  i n  
Figure 8 (along wi th  the  open loop zero movements wi th  r e spec t  t o  
f l i g h t  t ime) ,  t he  low frequency c h a r a c t e r i s t i  cs  of t h e  system vary t o  
some ex ten t .  Some of t h i s  v a r i a t i o n  of response a t  Pow frequencies  
causes t he  high frequency magni tude t o  be o f f s e t  by a  cons tan t  which 
depends upon t h e  f l i g h t  time. This causes e i t h e r  o r  both of t h e  180" 
c ross ing  of t h e  Nyquist pa th  i n  t h e  proximity of t he  po in t  (0 ,  180") t o  
c ros s  a t  a  c ross ing  g r e a t e r  than 0 dB f o r  some of t h e  o the r  f l i g h t  
t imes.  This  r e s u l t s  i n  system i n s t a b i l i t y .  I n  o rde r  t o  g ive  a  s impl i -  
f i e d  complete p i c t u r e  of t h e  r e l a t i v e  s t a b i l i t y  of t h e  system f o r  
sampling per iods  i n  the  neighborhood of 0.94 seconds, p l o t s  of g a i n  
margin and phase margin a s  a  func t ion  sampling per iod  a r e  presented  f o r  
s e v e r a l  f  1% ght  t imes. 
Before considering t h e  information conveyed by these  p l o t s ,  a  
d i scuss ion  of ga in  and phase margins of systems t h a t  a r e  open loop 
uns t ab le  i s  i n  order ,  The ga in  and phase margins of a  system t h a t  i s  
open loop uns t ab le  a r e  no t  a s  w e l l  def ined as  a  system t h a t  is  open 
loop s t a b l e .  For inb tance ,  using t h e  Nyquist c r i t e r i o n  an open loop 
system is  s t a b l e  i f  t h e r e  i s  no cross ing  of t h e  180" Pine wi th  a  g a i n  
g r e a t e r  than  0 dB; bu t  f o r  an open loop uns tab le  system t h i s  i s  not  
n e c e s s a r i l y  t r u e .  I n  f a c t ,  t h e r e  must be c ross ing  of t h e  180" l i n e  
w i t h  ga ins  g r e a t e r  than  0 dB. This  is  because i f  t h e  system i s  t o  be  
s t a b l e  t h e r e  must be  encirclements  of t h e  po in t  ( 0 ,  180'). Hence, 
t h e r e  can be  m u l t i p l e  c ross ings  of t h e  0 dB c i  r c l e  (which a r e  used 
f o r  determining phase margins) ,  and t h e r e  can be  mul t ip l e  c ross ings  of 
180' l i n e  (which a r e  used f o r  determining ga in  margins) ,  The ques t ion  
is  which p a i r  of c ross ings  should be used f o r  y i e ld ing  the  c o r r e c t  
s t a b i l i t y  margins. The answer t o  t h i s  ques t ion  depends g r e a t l y  on t h e  
system under consideration. However, f o r  most systems the  fol lowing 
gene ra l  procedure can be used: 
1, B y  s tudying  t h e  Nyquist diagram, f i n d  the  c r i t i c a l  p a r t s  of 
t h e  Nyquist  pa th .  This is  determine what p a r t s  of t he  
Nyquist diagram t h a t  when l e a s t  a f f e c t e d  w i l l  e i t h e r  r e s u l t  
i n  i n s t a b i l i t y  o r  r e s u l t  i n  s t a b i l i t y  of t h e  system. 
2. From t h e  c r i t i c a l  p a r t s  of t h e  Nyquist diagram t h e  phase 
and ga in  margins should be determined. I f  t h e r e  a r e  s e v e r a l  
ga in  o r  phase margins, t he  ones whi ch cause g r e a t e s t  o r  
n e a r e s t  i n s t a b i l i t y  should be chosen, 
Note: It i s  poss ib l e  t h a t  t h i s  w i l l  g ive  a ga in  margin 
g r e a t e r  than  1.0 o r  a nega t ive  phase margin and t h e  system 
be  s t a b l e . *  When t h i s  is  t h e  case  t h e  r ec ip roca l  of t h e  
ga in  margin should b e  used and t h e  nega t ive  s i g n  on t h e  
phase margin should be  d is regarded;  o therwise ,  they should 
assume t h e i r  normal form. An example of t h i s  occurrence 
f o r  phase margins can be  deduced from Figure 54 f o r  t h e  p a r t  
of t h e  pa th  between w = 0.87 and w = 5.81. I f  t h e  phase of  
t h e  system had been SO" more i n  t h e  counterclockwise d i r e c t i o n ,  
t h e  phase margin of t h e  system would have been negat ive ,  b u t  
t h e  system would have s t i l l  been s t a b l e .  S i m i l a r l y ,  a ga in  
margin example can be  deduced from Figure 54 i f  t h e  180" 
c ros s ing  between w = 0.13 and w = 0.58 had been very c lose  
"some times p o s i t i v e  ga in  margins a r e  denoted a s  l ag  phase margins 
and nega t ive  phase margins a r e  denoted a s  l ead  phase margins. 
b u t  s t i l l  t o  t h e  l e f t  of t h e  0 dB p o i n t ;  then ,  ehe ga in  margin would 
be  less than  1.0 b u t  t h e  system would s t i l l  be s t a b l e .  
Now t h a t  t h e  method f o r  determining ga in  and phase margins has 
been p re sen t ed ,  i t  i s  p o s s i b l e  t o  analyze t h e  s t a b i l i t y  margin p l o t s  
i n  Figures  55-60, From these  graphs i f  i s  seen  t h a t  f o r  lower f l i g h t  
times (20 - 60 seconds) t h e  system i s  s t a b l e  and as f l i g h t  t ime 
i n c r e a s e s  t h e  margins of s t a b i l i t y  decrease  u n t i l  t h e  system i s  un- 
s t a b l e  at h ighe r  f l i g h t  t i m e s  (80 - 120 seconds) . A s  has  been 
prev ious ly  s t a t e d  t h i s  i s  caused by t h e  e f f e c t s  of t h e  r i g i d  body 
p o l e  and t h e  open loop zeros  on t h e  h igh  frequency response of t h e  
system. Another i n t e r e s t i n g  p o i n t  about t h e s e  curves i s  t h a t  t h e  
p o i n t  of  maximum s t a b i l i t y  decreases  a s  f l i g h t  t ime inc reases .*  I n  
f a c t ,  i t  decreases  from a sampling pe r iod  of 0 , 8 1  seconds a t  TF = 20 
seconds t o  about 0.738 seconds a t  TF = 120 seconds,  This i n d i c a t e s  
t h e  p o s s i b i l i t y  of maintaining s t a b i l i t y  margi n s  by changing sampling 
per iod .  The f a i l u r e  o r  success  of such a scheme would depend g r e a t l y  
on t h e  compensator t o  be  employed. 
"~aximum s t a b i l i t y  is  def ined  as  t h e  sampling pe r iod  where t h e  
system i s  n e a r e s t  t o  being s t a b l e  o r  has  i t s  g r e a t e s t  s t a b i l i  t y .  
F i r s t ,  t h e  p o s s i b i l i t y  of us ing  the roo t  l a c u s  te r  compensating 
w i l l  b e  i n v e s t i g a t e d .  F i g u r e  61 i s  a regular t o o t  l o c i  s f  t h e  f i r s t  
bending mode, second  bending mode, s e c s n d  s l o s h  mode, and t h e  d r i f t  
p o l e s  of t h e  s i m p l i f i e d  vexslon of she  Saeuen V/S-lC f o r  a f l i g h t  r ime 
of 20 seconds  and sampling p e r i o d  s f  0 , 3 7  seconds ,?k From t h i s  f i g u r e ,  
i t  is observed t h a t  breakaway ang les  of t h e  f i r s t  and second bending 
modes a r e  such  t h a t  t h e s e  p o l e s  move o u t s i d e  t h e  u n i t  e f r c l e  as open 
loop  g a i n  i s  i n c r e a s e d .  It  is  a l s o  seen c h a t  r h e  open loop  u n s t a b l e  
drif t :  p o l e s  have moved i n t o  t h e  i n t e r i o r  of ehe  unxt  c i r c l e .  By eon- 
s i d e r i n g  t h e  change i n  t h e s e  p o l e s  a s  be ing  l i n e a r  i n  open loop  g a i n  
and e x t r a p o l a t i n g  p o i n t s  between t h e  e x e r e m i t i e s  s f  t h e  c u r v e ,  one 
can deduce t h a t  t h e  sys tem can b e  s t a b i l i z e d  a t  t h f s  f l i g h t  t ime  by 
reduc ing  open l o o p  g a i n .  However, t h i s  w i l l  n o t  produce r e l a t i v e  s t a -  
b f  li t y .  ** Another p o s s i b l e  method s f  s t a b i l i z i n g  r h e  sys tem wf t h o u t  
reduc ing  open loop  g a i n  i s  t o  p l a c e  a compensator w i t h  p o l e s  and z e r o s  
l o c a t e d  s o  t h a t  t h e  break-away a n g l e s  s f  the  f f  rse and second bending 
mode p o l e s  b r e a k  d i r e c t l y  l n r s  t h e  f n s e r i o r  of t h e  u n i t  c i r c l e .  At t h e  
same t ime r h i s  compensator shou ld  n o t  s i g n l f f c a n t l y  a d v e r s e l y  a f f e c t  t h e  
l o c i  of t h e  second  s l o s h  mode and d r i f t  p u l e s ,  With t h e  a d d i t i o n  o f  t h e  
open loop ze ros  t o  t h e  g iven  f f g u r e ,  a  d e s f r a b l e  compensator can be  
ach ieved ,  Obta fn ing  a cornpensacor i n  e h f s  manner i s  u n n e c e s s a r i l y  
*A r e g u l a r  r o o t  l o c i  i s  a r o o t  l o c i  a s  a f u n c t i o n  of open loop g a i n .  
* * ~ e l a t i v e  S t a b i l i t y  i s  s ~ a b i l i t y  w i r h  s t a b i l i t y  margins t h a t  a r e  a s  
good a s  o r  b e t t e r  t h a n  t h e  d e s i r a b l e  marg ins ,  Des i red  s c a b 1  l i t y  margins 
i n  t h i s  r e p o r t  are g r e a t e r  thar? 35" phase  maregrri and a g a i n  margin o f  
2 ,O o r  g r e a t e r ,  
l abor ious .  An a l t e r n a t e  and l e s s  cumbersome procedure i s  t h e  frequency 
domain approach. 
The design of a compensator i n  many cases  i s  made e a s i e r  by apply- 
i ng  t h e  techniques of two frequency response methods, Nyquist and Bode. 
F i r s t ,  t h e  Nyquist c r i t e r i o n  can be  used t o  determine i f  t h e  system is  
s t a b l e ,  and what changes i n  t h e  response must be  made i n  order  t o  s t a -  
b i l i z e  t he  system. Closed loop s t a b i l i t y  of a system which i s  open loop 
uns tab le  cannot be obtained from the  Bode p l o t s  a s  e a s i l y  as  i t  can be 
obtained from t h e  Nyquist p l o t s .  However, i n  most cases  t he  Bode p l o t s  
a r e  very h e l p f u l  i n  designing compensators. When using t h e  Bode c r i t e r i o n  
i t  is advantageous t o  make the  p l o t s  a s  func t ions  of t h e  imaginary f r e -  
quency w, s o  t h a t  t he  usefulness  of t h e  s t r a i g h t  l i n e  asymtotes w i l l  b e  
p r o f i t a b l e .  
Since i t  i s  necessary t o  compensate t h e  system f o r  s t a b i l i t y  purposes,  
i t  was decided t o  compensate i t  a t  T = 0.37 seconds. The reason f o r  t h i s  
choice is t h a t  a t  t h i s  sampling per iod  t h e  open loop z-plane poles  of t h e  
f i r s t  and second bending modes a r e  very near  each o the r .  Thus, i t  i s  
conjectured t h a t  t h e  e f f e c t s  of both might b e  reduced wi th  t h e  same f i l t e r .  
I n  o rde r  t o  determine what type of f i l t e r  i s  needed a t  t h i s  sampling 
per iod ,  a thorough s tudy of t h e  Nyquist p l o t  of t he  uns tab le  system is 
made (See F igure  62) .  By observing t h e  g iven  Nyquist p l o t  and using t h e  
Nyquist s t a b 5  P i t y  c r i t e r i o n  given i n  K U O ~  i t  i s  seen t h a t  t h e r e  a r e  0 
encirclements  of t h e  (0 ,  180') po in t .  Since t h e r e  a r e  two open loop 
poles  beyond t h e  u n i t  c i r c l e ,  t h i s  i n d i c a t e s  t h a t  two c losed  loop poles  
a r e  ou t s ide  t h e  u n i t  c i r c l e .  I f  s t a b i l i z a t i o n  of t h e  system i s  t o  b e  
achieved, two clockwise encirclements  of t h e  (0 ,  180") po in t  a r e  needed. 
Severa l  observa t ions  of the  Nyquist p l o t  r e v e a l  t h a t  t h i s  might be 
aceornplished by a s i n g l e  p o l e  compensator i f  i t  w a s  p l a c e d  s o  t h a t  t h e  
180" c r o s s i n g  between w = 2 .5  and w = 5.7 would occur  a t  a p o i n t  l e s s  
than  0 dB. System s t a b i l i z a t i o n  could  be  ach ieved  w i t h  t h i s  s imple  
compensator;  however, t h e  s t a b i l i t y  margins could  n o t  b e  met. A d d i t i o n a l  
compensation i s  needed. For  a i d i n g  i n  de te rmin ing  t h e  complete compen- 
s a t i o n  f u n c t i o n ,  t h e  Bode p l o t  a s  a f u n c t i o n  of t h e  imaginary f requency 
w, (See F i g u r e  63) was made. From t,he Bode p l o t  t h e  fo l lowing  w-domain 
compensator i s  chosen: 
The w-domain f requency  response  o f  t h i s  compensator is  p l o t t e d  i n  
F i g u r e  64. I n  t h e  z-domain t h e  compensator i s  
A f t e r  cascad ing  t h e  compensator w i t h  t h e  open loop  t r a n s f e r  f u n c t i o n  t h e  
Nyquis t  p l o t  i n f o r m a t i o n  f o r  t h e  compensated sys tem f o r  TF = 40 seconds 
and T = 0.37 seconds  i s  o b t a i n e d  and p l o t t e d  i n  F i g u r e  65. For  t h e  chosen 
f l i g h t  t i m e  and sampling p e r i o d  t h e  sys tem i s  s e e n  t o  e x h i b i t  d e s i r a b l e  
s t a b i P i  t y  margins ,  
However, t h i s  s t u d y  i s  only  a p p l i c a b l e  f o r  one f l i g h t  t i m e  and one 
sampling p e r i o d .  Using t h e  above compensator,  a s t u d y  of t h e  s e n s i t i v i t y  
o f  t h e  s t a b i l i t y  margins as a f u n c t i o n  f l i g h t  t ime  and sampling p e r i o d  
is  i n i t i a t e d .  P l o t s  o f  t h e s e  s t u d i e s  a r e  made i n  F i g u r e s  66-68. For t h e  
t h r e e  f l i g h t  t i m e s  i t  is  observed t h a t  f o r  t h e  chosen set of sampling 
p e r i o d s  t h e  curves  have s i m i  la r  g e n e r a l  c h a r a c t e r i s  t i c s .  A major  
d i f f e r e n c e  t h a t  i s  observed is  a  m a g n i f i c a t i o n  f a c t o r .  The d i f f e r e n c e  
i n  m a g n i f i c a t i o n  f a c t o r  r e s u l t s  i n  r e l a t i v e  i n s t a b i l i t y  ( s t a b i l i t y  
margins were n o t  met)  f o r  TF = 120 seconds.  The conc lus ions  drawn i s  
t h a t  f o r  t h e  p a r t i c u l a r  compensator a  d i f f e r e n t  m a g n i f i c a t i o n  f a c t o r  
f o r  each f l i g h t  would b e  needed i n  o r d e r  t o  o b t a i n  o p t i m a l  r e l a t i v e  
s t a b f l f t y .  The sampling p e r i o d  can remain c o n s t a n t  a t  t h e  v a l u e  f o r  
which t h e  compensator was des igned ,  T  = 0.37 seconds .  The r e s u l t  is 
t h a t  a r e l a t i v e l y  s i m p l e  compensator can  reduce t h e  e f f e c t s  of two 
bending modes s imul taneous  l y  . 
CONCLUSION 
I n  t h i s  r e p o r t  t h e  c o n t r o l  system of t h e  Sa tu rn  V/S-1C has been 
s t u d i e d  t o  determine t h e  e f f e c t s  of varyfng t h e  sampling per iod .  I n  
accomplishing t h i s  t a s k  two a n a l y s i s  procedures were employed. These 
two techniques a r e  t h e  modif ied r o o t  locus method and t h e  frequency 
response method. The modif ied r o o t  locus shows t h e  exac t  l o c a t i o n  o f .  
t h e  t h e  c losed  loop poles  a s  sampling pe r iod ,  From t h e  modified r o o t  
locus p l o t s  t h e  adverse cond i t i ons ,  caused by c lo s ing  t h e  loop,  on t h e  
po l e s  of t h e  system were observed d i r e c t l y .  Although t h i s  method cer-  
t a i n l y  produces a  measure of r e l a t i v e  s t a b i l i t y ,  i t  does n o t  e a s i l y  
a l low f o r  t h e  de te rmina t ion  of t h e  c l a s s i c a l  s t a b i l i t y  margins.  For 
t h i s  reason a  more a p p l i c a b l e  method was sought and found among t h e  
frequency response methods, The Nyquist p l o t  was found t o  fu rn i sh  su f -  
f i c i e n t  s t a b i l i t y  in format ion ,  and by combining i t  wi th  t h e  Bode diagram, 
designing procedures became l e s s  l abo r ious .  
The s t u d i e s  were conducted f o r  sampling pe r iods  of 0 - < T - < 1.0.  
They showed t h a t  t h e  system i s  n o t  s t a b l e  f o r  a l l  f l i g h t  t imes f o r  any 
sampling per iods  i n  t h i s  i n t e r v a l ,  The system was s t a b l e  f o r  lower 
f l i g h t  t imes when t h e  sampling pe r iod  was approximately 0 .74  seconds. 
A t  h ighe r  f l i g h t  t i m e s  t h e  system became uns t ab l e  because of t h e  e f f e c t  
a t  low frequency t h a t  r i g i d  body po le  and open Poop zeros  had on t h e  
h ighe r  frequency response of t h e  system. Phase margfns and ga in  margins 
were p l o t t e d  a s  a  func t ion  of sampling per iods  i n  t h e  neighborhood of  
0.74  seconds. These curves i n d i c a t e d  t h a t  maximum s t a b i l i t y  decreased 
a s  f l i g h t  t i m e  i nc reased .  Thus t h e  conclusion drawn was t h a t  i f  t h e  
system was compensated and operated h e r e  t h a t  s i m i l a r  c h a r a c t e r i s t i c s  
could be achieved by reducing t h e  sampling per iod  a s  f l i g h t  time 
increased .  
S imi l a r  s t u d i e s  were i n s t i g a t e d  f o r  sampling periods around 0.37 
seconds. However, t hese  ind ica t ed  t h a t  t h e  system's  c h a r a c t e r i s t i c s  
changed very l i t t l e  wi th  r e spec t  t o  f l i g h t  time. An explanat ion f o r  
t h i s  was deduced from the  f a c t  t h a t  t h e  s-plane poles  a r e  mapped i n t o  
t h e  z-plane through the  t ransformat ion  z = e-", where p i s  a t y p i c a l  
s-plane pole ,  Thus, i t  was seen  t h a t  i f  T = TI and p was v a r i e d  by ~p 
t h a t  Az would r e s u l t ;  i f  T = T2 where T2 > TI and p was va r i ed  by Ap 
t h e r e  would r e s u l t  a Az2 which was l a r g e r  than AzI . I n  o t h e r  words, 
f o r  l a r g e r  sampling per iods  the  system became much more s e n s i t i v e  t o  a 
change i n  t h e  s-plane poles .  Not only d id  t h e  preceding exp la in  t h e  
s e n s i t i v i t y  of c h a r a c t e r i s t i c s  t o  sampling pe r iod ,  i t  a l s o  j u s t i f i e d  
t h a t  t h e  use of sma l l  sampling r a t e s  could b e  dangerous. When using a 
s m a l l  sampling r a t e ,  a s l i g h t  v a r i a t i o n  i n  t he  sampling r a t e  o r  a s l i g h t  
v a r i a t i o n  i n  t h e  system parameters could cause a g r e a t  change i n  t h e  
o v e r a l l  c h a r a c t e r i s t i c s  of t h e  sys  tem. This could very poss ib ly  r e s u l t  
i n  system i n s t a b i l i t y .  Thus, t h e  p o s s i b i l i t y  of such g r e a t  changes 
should be avoided by using l a r g e r  sampling r a t e s .  
A s  was mentioned previous ly  no sampling perf  ods produced s t a b i l i t y  
f o r  a11 f l i g h t  t imes. S t a b i l i t y  could only be  achieved by compensation. 
A t y p i c a l  compensator was designed f o r  T = 0.37 seconds, The s e n s i t i v i t y  
of t h e  s t a b i l i t y  margins were s t u d i e d  a s  a func t ion  of sampling pe r iod  
and f l i g h t  time i n  o rde r  t o  determine the  a p p l i c a b i l i t y  of t h e  compen- 
s a t o r .  For lower f l i g h t  times and a wide range of sampling per iods  t h e  
compensator was found t o  meet s t a b i l i t y  requirements.  However, f o r  
f l i g h t  t imes beyond 120 seconds r e l a t i v e  s t a b i l i t y  was no t  obtained 
f o r  any sampling per iods .  Again, t h e  cause f o r  t h i s  was t h e  r i g i d  body 
p o l e  and open loop zeros  e f f e c t  on h ighe r  frequency responses .  
I n  t h i s  r e p o r t  i t  has been shown t h a t  under c e r t a i n  condi t ions  t h e  
system becomes very s e n s i t i v e  t o  v a r i a t i o n s  i n  sampling pe r iod  and t o  
s-plane open loop po le  v a r i a t i o n s .  S ince  t h e  open loop poles  depend 
upon many parameters of t h e  continuous systems,  i e  has  been decided 
t h a t  f u t u r e  s t u d i e s  should determine t h e  s e n s i t i v i t y  of t h e  s-plane 
po les  t o  parameter  v a r i a t i o n s .  The j u s t i f i c a t i o n  of t h i s  i s  due t o  t h e  
f a c t  t h a t  t h e  p r e s e n t  modeling of t h e  c o n t r o l  system i s  probably incor-  
r e c t .  Thus, i t  should be known what could be expected i f  t h e  parameters 
were t oo  much i n  e r r o r  o r  va r i ed  i n  a  c e r t a i n  d i r e c t i o n .  Furthermore, 
i t  i s  conceived t h a t  d i s tu rbances  i n  t h e  system could be  t r e a t e d  as  










Figure  9. P l o t  of a Pole  of t h e  Second Bending Mode as a Function of 













F i g u r e  22. Locus of a F i r s t  S l o s h  Mode P o l e  as a Func t ion  Sampling P e r i o d  




Figu re  25. P l o t  of  a Rigid Body P o l e  as a Funct ion Sampling Per iod  f o r  
TF = 120 Sec. 
Figure 26. Closed Loop z-plane Loci of the First and Second Bending 
Modes and Slosh Mode Poles as a Function of Sampling 
Period for TF = 20 Seconds and for an Open Loop Gain 




Figure 27. Closed Loop z-plane Loci of the Drift and Rigid Body Poles 
as a Function of Sampling Period for TF = 20 Seconds and 
for an Open Loop Gain of 1.0 
1st Bending Mode z-plane 
Figure 28. Closed Loop z-plane Loci of the First and Second Bending 
Modes and Slosh Mode Poles as a Function of Sampling 
Period for TF 4 40 Seconds and for an Open Loop Gain 
of 1.0 
z-plane 
Figure 29. Closed Loop z-plane Loci of the Drift and Rigid Body Poles 
as a Function of Sampling Period for TF = 40 Seconds and 
for an Open Loop Gain of 1.0 
Is t Bending Mode 
T = 0.40 
-0.5 
z-plane 
Figure 30. Closed Loop z-plane Loci of the First and Second Bending 
Modes and Slosh Mode Poles as a Function of Sampling 
Period for TF = 60 Seconds and for an Open Loop Gain 
of 1.0 
z-plane 
Figure 31. Closed Loop z-plane Loci of the Drift and Rigid Body Poles 
as a Function of Sampling Period for TF = 60 Seconds and 
for an Open Loop Gain of 1.0 
Is t Bending Mode z-plane 
2nd Bending Mod 
Figure 32. Closed Loop z-plane Loci of t h e  F i r s t  and Second Bending 
Modes and Slosh Mode Poles a s  a Function of Sampling 
period f o r  TF = 80.11 Seconds and f o r  an Open Loop Gain 
of 1.0 
z-plane 
F igure  33. Closed Loop z-plane Loci of t h e  D r i f t  and Rigid Body Poles  
a s  a Function of Sampling Period f o r  TI? = 80.11 Seconds and 
f o r  an Open Loop Gain of 1.0 
z-plane 
Figure 34.  Closed Loop z-plane Loci of the  F i r s t  and Second Bending 
Modes and Slosh Mode Poles a s  a Function of Sampling 
period f o r  TF = 100 Seconds and f o r  an Open Loop Gain 
of 1.0 
z-plane 
F igure  35. Closed Loop z-plane Loci of t h e  D r i f t  and Rigid Body Poles  
as a Function of Sampling Per iod  f o r  TF = 100 Seconds and 
f o r  an Open Loop Gain of 1.0 
1s t Bending Mode z-plane 
Figure 36. Closed Loop z-plane Loci of the First and Second Bending 
Modes and Slosh Mode Poles as a Function of Sampling 
period for TF = 120 Seconds and for an Open Loop Gain 
of 1.0 
z-plane 
F igure  37. Closed Loop z-plane Loci  of  t h e  D r i f t  and Rigid Body Po le s  
a s  a Function of Sampling Per iod  f o r  TF = 120 Seconds and 
f o r  an Open Loop Gain of  1 .0  
1st Bending Mode 
\ 
z-plane 
F igure  38. Closed Loop z-plane Loci  of t h e  F i r s t  and Second Bending 
Modes and Slosh Mode Poles  a s  a Function of  Sampling 
pe r iod  f o r  TF a 140 Seconds and f o r  an  Open Loop Gain 
o f  1 . 0  
z-p l ane  
F igure  39. Closed Loop z-plane Loci of t h e  D r i f t  and Rigid Body Poles  
a s  a Function of Sampling Period f o r  TF = 140 Seconds and 
f o r  an Open Loop Gain of 1 . 0  
2nd Slosh Mode 
2nd Bending Mode 
Figure  40. P l o t  of F i r s t  Bending Mode, Second Bending Mode, and Second 
Slosh Mode Poles  as a Function of  Sampling Per iod  When TF = 20 
Seconds and Open Loop Gain = -1.0 
z - PLANE 
Figure 41. P l o t  of D r i f t  and Rigid Body Poles  a s  a Function of Sampling 
Per iod  When TF = 20 Seconds and Open Loop Gain = -1.0 
z PLANE 
IM 
Is t Bending Mode 
L.0 
Slosh Mode 
2nd Bending Mode 
Figure 42. P l o t  of F i r s t  Bending Mode, Second Bending Mode, and Second 
Slosh Mode Poles  a s  a Function of Sampling Per iod  When 
TF = 40 Seconds and Open Loop Gain = -1.0 
z - PLANE 
Figure  43. P l o t  of D r i f t  and Rigid Body Poles  as a Function of Sampling 
Period When TF = 40 Seconds and Open Loop Gain = -1.0 
z PLANE 
IM 
1s t Bending Mode 
I 
2nd Slosh Mode 
0.5 
I Ind Bending Mode 
Figure 44. Plot of First Bending Mode, Second Bending Mode, and Second 
Slosh Mode Poles as a Function of Sampling Period When TF = 
60 Seconds and Open Loop Gain = -1.0 
z - PLANE 
Figure 45. Plot of Drift and Rigid Body Poles as a Function of Sampling 
Period When TF = 60 Seconds and Open Loop Gain = -1.0 
Is t Bending Mode I I 
\ 2nd Bending Mode 
Figure  4 6 .  P l o t  of F i r s t  Bending Mode, Second Bending Mode, and Second 
Slosh  Mode Poles  as a Function of  Sampling Per iod  When TF = 
80.1 Seconds and Open Loop Gain = -1.0 
z - PLANE 
/   rift Poles 
Figure 47. Plot of Drift and Rigid Body Poles as a Function of Sampling 
Period When TF = 80.1 Seconds and Open Loop Gain = -1.0 
z PLANE 
'[\ 1s t  Bending Mode 
I. 16 I '2nd Bending Mode 
Figure 48. Plot of First Bending Mode, Second Bending Mode, and Second 
Slosh Mode Poles as s Function of Sampling Period When TF = 
100 Seconds and Open Loop Gain = -1.0 
z - PLANE 
/ Drift Poles 0.5 
Figure 49. Plot of Drift and Rigid Body Poles as a Function of Sampling 
Period When TF = 100 Seconds and Open Loop Gain = -1.0 
z PLANE 
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Figure  50. P l o t  of F i r s t  Bending Mode, Second Bending Mode, and Second 
Slosh Mode Poles  a s  a Function of Sampling Period When TF = 
120 Seconds and Open Loop Gain = -1.0 
z - PLANE 
Figure 51. Plot of Drift and Rigid Body Poles as a Function of Sampling 
Period When TF = 120 Seconds and Open Loop Gain = -1.0 
z PLANE 
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Figure 52. Plot  of  First  Bending Mode, Second Bending Mode, and Second 
Slosh Mode Poles as  a Function of  Sampling Period When TF = 
140 Seconds and Open Loop Gain = -1.0 
z - PLANE 
Figure 53. P lo t  of D r i f t  and Rigid Body Poles a s  a Function of Sampling 
















A TYPICAL LOCUS 
Figure  69. A P i c t o r i a l  Representa t ion  of t h e  Two Surfaces  
F1 and F2, w i t h  i n d i c a t e d  g r a d i e n t s  and .cross 
product .  
APPEND1 CES 
APPENDIX A 
S-PLANE BLOCK DIAGRAM REDUCTION AND PARTIAL 
FRACTION EXPANSION PROGRAM 
The fol lowing computer program wi th  t h e  a s soc i a t ed  sub-programs i s  
an  a i d  i n  f i nd ing  the  necessary s-plane information t o  f a c i l i t a t e  t h e  
sampled-data s t u d i  e s  , It possesses  t he  following p r o p e r t i e s  : 
1, For a  p a r t i c u l a r  f l i g h t  t ime, i t  reduces t h e  b lock  
diagram beginning wi th  F igure  2 .  
2, For a  p a r t i c u l a r  f l i g h t  t ime i t  f i n d s  t h e  r o o t s  of t h e  
s-plane open loop t r a n s f e r  func t ions .  
3.  It f i n d s  t h e  p a r t i a l  f r a c t i o n  expansion of t h e  s-plane 
open loop t r a n s f e r  func t ion .  
I n  obta in ing  t h e  s-plane t r a n s f e r  func t ion  t h e  u t i l i z a t i o n  of 
polynomial m u l t i p l i c a t i o n  and a d d i t i o n  i s  used throughout t h e  program. 
Also, polynomial d i v i s i o n  i s  used a t  one po in t  t o  f a c t o r  ou t  common 
f a c t o r s  which were known t o  e x i s t  i n  both t h e  numerator and denomi- 
n a t o r  of a  c e r t a i n  r a t i o n a l  polynomial. Af t e r  t he  s-plane open loop 
t r a n s f e r  func t ion  i s  obta ined ,  t h e  program f inds  t h e  r o o t s  and t h e  
p a r t i a l  f r a c t i o n  expansion c o e f f i c i e n t s .  
Many of t h e  symbols of i npu t  d a t a  used i n  t h e  program a r e  def ined  
i n  t h e  L i s t  of Symbols. Severa l  of t h e  r a t i o n a l  polynomial and con- 
s t a n t s  a r e  def ined i n  Figure 6. The program uses two vec to r s  i n  def in-  
i n g  a  r a t i o n a l  polynomial--one f o r  i t s  numerator c o e f f i c i e n t s  and one 
f o r  i t s  denominator c o e f f i c i e n t s .  The order  of t h e  c o e f f i c i e n t s  is  
normal w i th  r e spec t  t o  t h e  powers of x , *  The v a r i a b l e s  used f o r  t h e  
numerator and denominator vec tors  of a r a t i o n a l  polynomial i n  normal 
order  a r e  exac t ly  t h e  same except f o r  t h e  f i n a l  d i g i t .  The l a s t  d i g i t  
d i f f e r e n t i a t e s  t h e  vec to r s  of numerators from t h e  vec to r s  of t h e  
denomfnators. An N i n d i c a t e s  t h e  vec to r  i s  a numerator vec to r ;  whereas, 
a D i n d i c a t e s  a denominator vec tor .  An R on t h e  end of a vec to r  con- 
notes  t h e  vec to r  i s  i n  r eve r se  o rde r  from normal order .  The v a r i a b l e s  
which a r e  not  def ined  i n  t h e  symbol l ist  o r  i n  Figure 6 a r e  simply 
working v a r i a b l e s  ( v a r i a b l e s  f o r  i n t e r n a l  use only,  no t  f o r  i npu t  o r  
ou tput )  of t h e  program. A l l  output  d a t a  i s  defined i n  t h e  p r i n t  ou t s .  
C 
C SATURN-V TRANSFER FUNCTION AND ROOT PROGRAM 
C 
DIMENSION D I i P o ~ ( 5 0 )  
DIMENSION G3N(30) ,G3D(30) ,G4N(30) ,G4D(30) ,B8N(30) ,B8D(30) ,B7N(30) 9 
1 BsD(30) ,B6N(30) ,B6D(30) ,B9N(30) ,B9D(30) ,BlOAN(30) ,BloBN(30) , 
2 ~ 1 0 N ( 3 0 ) ,  BlOD(lO), GlN(10), GlD(lO), G2N(10), G2D(10) 
DIMENSION GlDR(25) ,G2DR(25) ,63DR(25) ,~4DR(25) ,ROOTR(25) ,ROOT1 (25) , 
1 COF(25) 
DIMENSION RTRG1(10), RTRG2(10), RT1~2(10) ,  RTRG3(10), 
1 R T I G ~ ( ~ O )  ,RTRG4(10), RTIG4(10), WSSN(5), WSSD(10), 
2 AK(25), GTAAN(15), GTAN(15), G T B A N ( ~ ~ ) ,  G T B N ( ~ ~ ) ,  GTCAN(15), 
3 G T C N ( ~ ~ ) ,  GTN(15) , GTD(15) , G W D ( ~ ~ )  , ROOTC(20) 
DIMENSION RTRWSS ( l o ) ,  RTIWSS (101, WSSDR(10), GTAD(15) 
REAL K4, M I ,  MASS, K3, K7, MS1, K5 
DOUBLE PRECISION B8Ny B8Dy B7N, B7Dy B6Ny B6Dy B9Ny B9Dy B l O A N y  
1 B l O B N ,  BPON, B l O D ,  G I N y  G I D y  G2Ny G2Dy DIVPOLy G3N, 
2 G3D, G4N, G4D 
DOUBLE PRECISION WSSN, WSSD, GTAAN, GTAN, GTBANy GTBNy GTCAN, GTCNy 
P GTD, GTAD, GWD, GTN 
COMPLEX*16 ROOTC, AK1(25), AK2(25) 
 READ(^,^) DS1, ZB1,  ZB2, SIG, THE 
1 FORMAT (5F14.5) 
WRITE (3,2)  
2 F~RMAT('~',~X,'DS~',~~X,'ZB~',~~X,~ZB~',~~X,'S~G',~~X,'THE') 
WRITE(3,3) DS1, ZB1,ZB2,SIGyTHE 
3 F O R M A T ( ~ X , ~ F ~ ~ . ~ )  
DO 50 I X = l , l O  
* 
Normal o rde r  means t h e  c o e f f i c i e n t  corresponding t h e  h igher  power 
of s i s  f i r s t ,  t h e  c o e f f i c i e n t  corresponding t o  t h e  next  h ighes t  power 




WRITE ( 3 , 4 )  TIME 
C 4 FORMAT('O' ,30x,'TIME = ' ,F6.2) 
C 
READ(1,5) M I ,  MASS, RP, ZM1, ZM2, MS1 
5 FORMAT (6F12.2) 
WRITE (3 ,6 )  
6 FORMAT('O1, 
1 ~ x , ' M I '  , ~ x , ' M A s s '  ,9X, 'RP '  , ~ O X , ' Z M ~ '  , 9 x , ' Z ~ 2 '  , 9 X 3 ' ~ S 1 1 )  
WRITE(3,18)MI, MASS, RP, ZM1,  ZM2, MS1 
1 8  FORMAT (2X, 6F12.2) 
C 
C 
READ(1,S) GBAR,Cl, K3, K5, K7, FBI, FB2 
7 FORMAT (7F10.6) 
WRITE(3,8) 
WRITE(3,17) YPB1, YPB2, YB1, YB2, YPlP l ,  YPlP2 
C 
C 
READ(1,7) YPRG1, YPRG2, FS1, XS1, K4, C2 
WRITE (3,100) 
100 FoRMAT('O' , ~ x , ' Y P R G ~ '  , ~ x , ' Y P R G ~ '  ,6x, 'FS1' ,7X,'xS11 ,8X,'K4' ,8X, 
1 'C2') 
WRITE (3,17)YPRGl, YPRG2, FS1, XS1, K4, C2 
WS1= 2.0 * FSl*3.1416 
WB1= 2,O * FBl*3,1416 
WB2= 2.0 * FB2*3.1416 
C 
C COEFFICIENTS OF B6 
C 
B6N(1)= (-57.3 * MS1 * XSl)/MI 
B6N(2)= K5 * C 1  
B6N(3)= K5 * C 1  * 2.0 * DS1 * WS1 - (57 .3  * MS1 * GBAR) / M I  
B6N(4)= K5 * C 1  * WS1**2 
B6D(1)= 1 . 0  - MS1/ MASS 
B6D(2)= K5 * K7 -I- 2.0 * DS1 * WS1 
B6D(3)= WS1 ** 2 + 2.0 * DS1 * WS1 * K5 * K7 
B6D(4)= K5 * K7 * WS1**2 
B6Dl=B6D(l) 
DO 89 IK=1,4 
B6N (IK) = B ~ N  (IK) / B6D1 
89 B6D(IK)= B6D(IK) / B6D1 
WRITE (3,900) 
900 FORMAT('~',~~X,'COEFFICIENTS OF B6') 
WRITE (3,300) 
WRITE (3,400) ( B ~ N  ( I )  , I=1 ,4)  
WRITE (3,500) 
WRITE (3,400) ( B ~ D ( I )  , 1=1,4) 
C 
C COEFFICIENTS OF B7 
L 
~ 7 N ( 1 ) =  - ( MS1 * XS1 ) / (57.3 * MASS) 
B7N(2)= 0.0 
B7N(3)= K7 +K3 - (MS1 * K3) / MASS 
B7N(4)= 2.0 *DS1 * WS1 * (K7 + K3) 
~ 7 N ( 5 ) =  (WS1 **2) * ( K7 + ~ 3 )  
~ 7 D ( 1 ) =  1 .0  
B7D(2)= 2.O*DS1 *WS1 
B7D(3)= WS1**2 
WRITE (3,800) 
800 FoRMAT('~',~~X,'COEFFICIENTS OF B7') 
WRITE (3,300) 
WRITE(3,400) (B7N(I) , I=1,5)  
WRITE (3,500) 
WRITE (3,400) ( B ~ D  ( I )  , I=1,3)  
C 
C COEFFICIENTS OF B8 
C 
B8N(1)= (MS1 * ~ ~ 1 * * 2 ) /  M I  
B8N(2)= 0.0 
B8N(3)=(57.3 * MS1 * XS1 * (K3 + G B A R / ~ ~ . ~ ) ) /  M I  - C 1  
B8N(4)= -2.0 * C 1  * DS1 * WS1 
B8N(5)= ((57.3 * MS1 * K3 * GBAR)/ M I  ) - C 1  * WS1**2 
B8D(1)=1.0 
B8D(2)= 2.O*DS1 *WS1 
B8D(3)= WS1**2 
WRITE (3,700) 
700 FORMAT(' 0 '  ,28X, ' COEFFICIENTS OF ~ 8 ' )  
WRITE(~ ,~OO)  
 WRITE(^ ,400) (B8N(l) , 1=1,5) 
WRITE(3,500) 
WRITE (3,400) ( B ~ D ( I )  , I=1,3)  
C 
C CALCULATION OF B9 COEFFICIENTS 
C 
WRITE (3,11) 










DO 85 I=l,KL 
85 B~D(I)=B~D(I)/ B9D1 
DO 86 I=l,L 
86 B~N(I)= B~N(I)/ B9D1 
WPITE (3,300) 
 WRITE(^,^^) (B~N(I), I=l,L) 
10 F O W T  (2X96D12. 5) 
WRITE (3,500) 
WRITE (3,lO) (B9D (I) , 1-1 ,KL) 
C 









169 FORMAT ( ' 0' ,24X, ' COEFFICIENTS OF BlOAN AND B~OBN' ) 
WRITE (3,16) (BlOAN(1) , I=1,10) 
WRITE(3,16)(BlOBN(I), I=1,10) 
DO 12 KX=l,10 













WRITE (3,101) (DIW?OL(I) ,I=l,N) 
N=2 
M=7 




WRITE(3,lOl) (DIVPOL(1) ,I=1 ,N) 
101 FORMAT('0' ,4D12.3) 
WRITE (3,175) 
175 FoRMAT('O',~~X,'COEFFICIENTS OF ~10') 
WRITE (3,300) 
WRITE (3,lO) (BlON (I) ,I=l, 6) 
WRITE (3,500) , 
wRITE(3,lO) (B~o~(I) ,1=1,4) 
C 
C COEFFICIENTS OF G1 
C 
DO 13 KY=1,4 
GlN(KY)= -C2 * B6D(I(Y) + K4 * B6N(KY) 
13 GlD(KY)= B6D(KY) 
WRITE (3,14) 
14 FORMAT('O1 ,27X,'COEFFICIENTS OF GI1) 
WRITE (3,15) 
15 FORMAT('O',~~X,'NUMERATOR') 
WRITE (3,16) (GlN(1) , 111 $4) 
16 FORMAT('0' ,4D18.5) 
WRITE (3,24) 
WRITE(3,16) (GlD(I), I=1,4) 
C 
C COEFFICIENTS OF G2 
C 
DO 20 IZ=1,6 
20 G2N(IZ)= BlOD(1Z) 
DO 21 IZ=5,6 
21 BlOD(IZ)=O.O 
DO 22 IZ=1,6 
22 G2D(IZ)= BlOD(1Z) - BlON(1Z) 
WRITE (3,23) 
23 FORMAT('O',27X,'COEFFICIENTS OF G2') 
WRITE (3,15) 
WRITE(3,16) (G2N(I) , I=1,4) 
WRITE (3,24) 
24 FORMAT('O',~OX,'DENOMINATOR') 
WRITE (3,16) (G2D(I) , I=1,6) 
C 
C CALCULATION OF COEFFICIENT FOR DENOMINATOR AND NUMERATOR FOR G3 
C AND G4 
C 
G3K=1.0 
G3N(l)=G3K * (SIG * YB1 - THE * YPB1) 
G3N(2) = 0.0 
G3N(B) = G3K * RP * YB1 
G3D(1) = 1.0 
G3D(2)= 2.0 * ZB1 *WB1 
G3D(3) = WB1**2 
WRITE (3,200) 
200 FORMAT('01,28X,'COEFFICIENTS OF G3') 
WRITE (3,300) 
300 FORMAT('01,31X,'NUMERATOR') 
WRITE (3,400) (G3N (I) , I=1,3) 
400 FORMAT (2X, 4D18.8) 
WRITE (3,500) 
500 FORMAT ( 0 ,30x, DENOMINATOR' ) 
WRITE (3,400) (G3D(I) , I=1,3) 
C 
G4Kx1.0 
G4N(1)= G4K * (SIG * YB2 - THE * YPB2) 
G4N(2) = 0.0 
~4N(3) = G4K * RP * YB2 
G4D(1) = 1.0 
~4D(2) = 2.0 * ZB2 * WB2 
G4D(3) = WB2 **2 
WRITE (3,600) 
600 FORMAT ( ' 0 ' ,28X, ' COEFFICIENTS OF G4 ' ) 
WRITE (3,300) 
WRITE(3,400) (G4N(I), I=1,3) 
WRITE (3,500) 
 WRITE(^ ,400) (G4D(I) , I=1,3) 
C 




WSSD(2)= (0.15440-04) * WSSN(1) 
WSSD(3)= (0.13380-02) * WSSN(1) 
WSSD(4)= (0.0393) * WSSN(1) 
WSSD(5)= WSSN(1) 
WRITE(3,255) 
255 FORMAT('0',28X,'COEFFICIENTS OF WSS') 
WRITE (3,300) 
WRITE (3,400) WSSN (1) 
WRITE (3,500) 
WRITE(~,~OO) (WSSD(1) , 1=1,5) 
C 
C POLES OF SERVO 
C 
DO 256 I=1,5 
L=6-I 




257 WRITE(3,73) IER 
GO TO 50 
278 CONTINUE 
WRITE (3,258) 
258 FORMAT('O', 30X,'ROOTS OF WSSD') 
WRITE (3,76) (RTRwsS (I), RTIwSS (I) , I=1,4) 
C 
C DETERMINING ROOTS OF GlD, G2D, G3D, AND G4D. 
C 
C 
C FOR G1D 
DO 71 J=1,4 
KA=5- J 




72 WRITE(3,73) IER 
73 FoRMAT(~OX, ' IER = ' ,I2) 
GO TO 90 
74 WRITE(3,75) 
75 FORMAT('O', 30X,'ROOTS OF GlD') 
WRITE (3,76) (ROOTR(K) ,ROOTI (K) ,K=1,3) 
76 ~0RMA~('0',15~,2~15,5) 
C 
DO 251 J=1,3 
RTRG1 (J) = ROOTR (J) 
251 RTIGl(J)= ROOTI(J) 
C 
C FOR G2D 
C 
90 CONTINUE 




CALL POLRT (G2DR, COF ,M, ROOTR,ROOTI ,IER) 
IF(1ER) 79,79,78 
78 WRITE(3,73) IER 
GO TO 91 
79 WRITE (3,80) 
8 0 FORMAT ( ' 0 ' ,30X,'ROOTS OF G2D') 
WRITE (3,76) (ROOTR(K) ,ROOTI (K) ,K=1,5) 
DO 252 J=1,5 
RTRG2(J)= ROOTR(J) 
252 RTIG2(J)= ROOT1 (J) 
C 
C FOR G3D 
91 CONTINUE 




CALL POLRF(G3DR, COF ,M, ROOTR, ROOTI, IER) 
IF(1ER) 83,83,82 
82 WRITE(3,73) IER 
GO TO 92 
83 WRITE(3,84) 
8 4 FORMAT ( ' 0 ' ,30X,'ROOTS OF G3D') 
WRITE(3,76) (ROOTRCK) ,ROOTI (K) ,K=l, 2) 
DO 253 J=1,2 
RTRG3(J)= ROOTR(J) 
253 RTIG3(J)= ROOTI(J) 
C 
C FOR G4D 
C 
92 CONTINUE 




CALL POLRT (G~DR, cOF,M,ROOTR,ROOTI ,IER) 
IF(IER)95,95,94 
94 WRITE(3,73) IER 
GO TO 25 
95 WRTTE(3,96) 
96 FORMAT('O' ,30X, ' ROOTS OF G4D1 ) 
WRITE (3,76) (ROOTR(K) , ROOT1 (K) ,K=1,2) 
DO 254 J=1,2 
RTRG4 (J) = ROOTR( J) 
254 RTIG~ (J) = ROOT1 (J) 
C 
C PARTIAL FRACTION EXPANSION OF WSS*G~/S 
C 
C GT= Gl*G2= GIN / G2D 
C 
C 
DO 556 JR=1,3 
G3N (JR)= (YPlP1 1 ~ ~ 1 )  *G3N (JR) 




RTRWSS (5)- 0.0 




CALL POLMUL (G2D , G4D, 5,2 ,GTBAN) 
CALL POLMUL (GTBAN , G3N, 7,2, GTBN) 
CALL POLMUL(G2D,G3D,5,2,GTCAN) 
CALL POLMUL (GTCAN , G4N, 7,2 ,GTCN) 
CALL POLMUL(G2D,G3D,5,2,GTAD) 
CALL POLMUL (GTAD , G4D, 7,2, GTD) 
C 
C 
DO 263 I=1,8 
K= 11 - I 
J= 9 - 1  
263 GTAN(K)= GTAN(J) 
GTAN(~)= 0.0 
GTAN(2)= 0.0 
DO 264 I=1,10 
GTN(I)= GTAN(I) + GTBN(I) + GTCN(I) 
264 GTN(I)= GTN(1) * WSSN(1) 
267 CALL POLMUL(WSSD,GTD,N,9,GWD) 
DO 265 I=1,2 
ROOTR(I)= RTRG3 (I) 
265 ROOT1 (I)= RTIG3 (I) 
DO 266 I=3,4 
L=I-2 
ROOTR!cI) = RTRG4 (L) 
266 R O O T I ( I ) =  R T I G 4 ( L )  
DO 401 I=5,9 
M= I -4 
ROOTR(1)  = RTRG2 (M) 
401 ROOTI (I) = R T I G 2  (M) 
K = 9 + N  
DO 268 I = l O , K  
M = I - 9  
ROOTR(1)  = RTRWSS (M) 
268 ROOT1 (I) = RTIWSS (M) 
C 
L =  N + 9 
I F ( N . E Q . 5 ) G O  TO 1000 
CALL HEAVY(GTN,GWD,~,L,ROOTR,ROOTI,ROOTC,AK~) 
GO TO 1005 
1000 CALL HEAVY(GTN,GWD,~,L,ROOTR,ROOTI,ROOTC,AK~) 
GO T O  1010 
1005 CONTINUE 
W R I T E ( 3 , 2 6 9 )  
269 F0RMl@('O1,l3~,'R0OTS',29~,'~~S*~5S/S C O N S T A N T S ' , ~ ~ X , ' W S S * G ~  CONSTA 
1NTS" ) 
~ ~ 2 ( 1 4 j =  0.0
WRITE (3,270) (ROOTC (I) , A K 1 ( 1 )  ,AK2(1)  ,1=1,14) 
2 7 0  FORMAT(' ',2~16.8,8~,2~16.8,8~,2D16.8) 
WRITE (2,1030 ) T I M E  
1030 FORMAT ( ' F L I G H T  T I M E  = ' , F6.4) 
DO 1009 I=1,14 
WRITE (2,1007) ROOTC (I) ,. A K 1  (I) 
WRITE (2,1008) A . 2  (I) 
1007 F O R M A T ( 2 D 1 6 . 8 , 2 D 2 4 . 1 6 )  
1008 FORMAT ( 2 D 2 4 . 1 6 )  
1009 CONTINUE 
GO TO 2 7 3  
1010 CONTINUE 
C 
C P A R T I A L  FRACTION EXPANSION O F  WSS * G 5  
C 
N=N- 1 
DO 558 J R = 1 , 3  
G3N ( J R )  = ( Y P R G l / Y P l P l )  *G3N(JR)  
558 G 4 N ( J R ) =  ( Y P R G ~ / Y P ~ P ~ )  *G4N(JR)  
GO TO 557 





SUBROUTINE POLMUL (CON, COM,N ,M,XCOF) 
DIMl3NSION CON(1)  , COM(1) , x C O F ( l ) ,  C O N A ( 5 0 ) ,  cOMRA(50)  
DOUBLE P R E C I S I O N  CON, COM, XCOF, CONA, COMRA 
C 
C THE VECTOR CON I S  A VECTOR O F  THE C O E F F I C I E N T  O F  A POLYNOMIAL 
O F  ORDER N. 
C THE VECTOR COM I S  A VECTOR O F  THE C O E F F I C I E N T S  O F  A POLYNOMIAL O F  
C ORDER M. 
C THE VECTOR XCOF I S  A VECTOR OF THE C O E F F I C I E N T S  O F  THE PRODUCT O F  
C A POLYNOMIAL O F  ORDER N AND A POLYNOMIAL O F  ORDER M. THE 
C POLYNOMIAL O F  WHICH THE COEFFICIENTS ARE THE VECTOR %OF HAS AN 
C ORDER O F  M + N. 
C 
DO 1 I = l , M  
1 CONA(1)-0.0  
NX=N-J-1 




DO 3 I = l , M X  
MY=M+2-I 
3 COMRA(I)=COM(MY) 
DO 4 I = l , N  
N X = W l + I  
4 COMRA(NX) =O . 0 
KY = M N + 1  
KX=KY 
DO 7 K=l ,KY 
XCOF (K) =O . 0 
DO 5 L = l , K X  
5 XCOF(K)= CONA(L) * COMRA(L)+XCOF(K) 
KX=KX- 1 
DO 6 J = l , K X  





DIMENSION  AX(^) , B X ( 1 )  , R P C ( 1 )  , D X ( 5 0 )  
DOUBLE P R E C I S I O N  AX, BX, RPC,  DX 
C 
C POLYNOMIAL D I V I S I O N  
C 
C MTH ORDER POLYNOMIAL WHOSE VECTOR OF C O E F F I C I E N T S  I S  AX I S  D I V I D E D  
C BY AN NTH ORDER POLYNOMIAL WHOSE VECTOR O F  C O E F F I C I E N T S  I S  BX. 
C 
C ASSUMPTION-M I S  GREATER THAN N. 
C 
BXA= B X ( 1 )  
NX= N + 1 
M X = M + l  
DO 1 I = l , N X  
1 BX<S)=BX(I) /BXA 
DO 2 I = l , M X  
2 A X ( I ) = A X ( I )  /BXA 
C 
C AUGMENT BX 
LM=N + 2 
DO 3 I=LM,MX 
3 B X ( I ) =  0.0 
C 
C 
JX=M-N + 1 
DO 5 I = l , J X  
R P C I I )  = A X ( l )  
DO 4 J = l , M X  
4 D X ( J ) =  A X ( J )  - B X ( J )  * R P C ( 1 )  
Mx= MX-1 
DO 5 L = l , M X  
LK= L + l  




REAL NUMR*8(50) ,  NUM*8(1) 
DIMENSLQE DEN (1) , ROOTR(1)  , ROOT1 (1) , CONST ( L )  , ROOTC (L) , D E N R ( 5 0 )  
1 ,CONN(50)  , COND(50)  
DOUBLE P M C I S I O N  DENR, DEN ,AE 
COMPLEX*16 CONST, ROOTC, CMPLX*8, CONN, COND 
COMPLEX STAND, BYE 
C 
C FOR EXPANDING A RATIONAL POLYNOMIAL BY PARTIAL FRACTION EXPANSION 
C 
C L I M I T A T I O N S  
C 1. ROOTS O F  THE DENOMINATOR O F  THE POLYNOMIAL MUST B E  KNOWN. 
C 2. I F  ALL ROOTS ARE NOT D I S T I N C T ,  THEN A SMALL NUMBER I S  ADDED 
C TO THE ROOTS NOT D I S T I N C T  TO MAKE THEM D I S T I N C T .  
C 
C D E S C R I P T I O N  O F  VARIABLES 
C 
C 1. NUM- VECTOR O F  C O E F F I C I E N T S  O F  NUMERATOR O F  POLY. 
C 2. DEN- VECTOR O F  DENOMINATOR C O E F F I C I E N T S  O F  POLY. 
C 3. ROOTR AND ROOT1 -VECTORS O F  REAL AND IMAGINARY PARTS O F  ROOTS 
C O F  THE DEN, 
C 4, CONST- PARTIAL FRACTION EXPANSION CONSTANTS 
C 5, M- ORDER O F  NUM 
C 6. N- ORDER O F  DEN 
C 
MA=M+l 
DO 10 I = l , M A  
MB=M+2- I 
l o  NUMR(I)=NUM(MB) 
NA=N+l 




DO 1 I = l , N  
1 ROOTC(I)=CMPLX(ROOTR(I) ,ROOTI (I))  
K=M+;E 
L=Ni-1 
DO 6 I=l,N 
CONN (I) -0.0 
COND(I)=O.O 
12 CONTINUE 
BYE- ROOTC (I) 
IP(REAL(BYE),EQ,O.O)GO TO 8 
GO TO 9 
8 IF(AIMAG(BYE).NE.O.O)GO TO 9 
CONN (I) =NUMR(l) 
COND (I) =DENR(2) 
GO TO 11 
9 CONTINUE 
DO 2 J=l,K 
2 CONN(I)= CONN(1) -I- NUMR(J) * ROOTC(1) **(J-1) 
DO 3 J-2,L 
AE= J-1 
3 COND(I)= COND(I)+ DENR(J) * AE * ROOTC(1) **(J-2) 
11 STAND- COND (I) 
IF(REAL(STAND).EQ,O.O)GO TO 7 
GO TO 4 
s IF(AIMAG(STAND) .NE.O.O)GO TO 4 
ROOTC (I)= ROOTC (I) + 0.10E-05 
GO TO 12 
4 CONST (I) = CONN (I) / COND (I) 
GO TO 6 





OPEN LOOP POLE MOVEMENT PROGRAM 
T ~ E  fo l lowing  a l g o r i t h m  is  used i n  o r d e r  t o  de te rmine  t h e  movement 
s f  t h e  f i r s t  and second bending modes, t h e  second s l o s h  mode, t h e  
d r i f t ,  and t h e  r i g i d  body p o l e s  i n  t h e  z-plane when t h e  sampling p e r i o d  
is  varied, Thfs program uses  t h e  r o o t  i n f o r m a t i o n  from t h e  s -p lane  
program i n  Appendix A. Using t h e  e x p r e s s i o n  z=e-sT t h e  s -p lane  p o l e s  
can  b e  mapped d i r e c t l y  into t h e  z-plane f o r  a p a r t f c u l a r  sampl ing p e r i o d .  
( I t  s h o u l d  b e  unders tood t h a t  t h i s  cannot  b e  done f o r  s - p l a n e  z e r o s . )  
Thfs  s i m p l e  program performs t h i s  t a s k  f o r  t h e  g iven  p o l e s .  
DIMENSION TM(f0) 
COMPLEX SPOLE (2) , ZPOLE (20) , SPOLEX(20) 
KX= 1 3  
TM(1)- 40,O 
TM(2)- 8 0 , l l  
TM(3)- 120,O 
DO 12 M=l,3 
PF(M, GT, l )KX=9 
READ ( 1 ,  1 )  (SPOLE ( I )  ,I==l ,KX) 
1 F O N T  (6Fl0 ,6 )  
WRITE(3,20) TM(M) 
20 F O W T ( ' l l  ,20X,' FLIGHT TIME = ' ,F5.2) 
WRITE ( 3 , 4 )  
9'-0,o 
E F ( M . G T ~ ~ ) G O  TO 21 
DO 5K=19100 
CALL ZTRAN (SPOLE , T , 4 , ZPOLE) 
FTRITE(3,3) T, (ZPOLE(J) , J = l , 4 )  
3 PORMAT(lX,F5,2,8F90.5) 
4 FORMT('Of,34X,'SERV0 Z-PLANE POLES') 
T=TBO. 0 1  
5 CONTINUE 
2 1  CONTINUE 
T=O * 0 
WRITE ( 3 , 6 )  
6 FORPfAT('0',48X,'SLOSHING Z-PLANE POLES') 
DO 9 K=%,P000 
L=O 
IF(M,EQ, l )L=4  
DO 7 5=%,5  
'7 SPOLEX(J) = SPOLE (J4-L) 
CALL ZTRAN(SPOLEX,T,~,ZPOEE) 
WRITE ( 3 , 8 )  T ,  (ZPOLE ( I )  , I = 1 , 5 )  
8 F O R M A T ( ~ X , F ~ , ~ , ~ O E ~ ~ ~ ~ )  
T=T+O, 0 1 
9 CONTINUE 
T=O, 0 
WRITE ( 3 - 1 1 )  
DO 1 2  J = 1 , 1 0 0 0  
L2-5 
TF(M,EQ, 1 ) L 2 = 9  
DO PO E-bk,h 
1 0  SPOLEX(1)- SPOLE (I+L2)  
CALL Z T M  (SPOLEX,T , 4 ,  %POLE) 
WRITE ( 3 , 3 )  T ,  (ZPBLE(1) , I = P  , 4 )  
13. FORMAT('O',~~X,'BENDING Z-PLANE POLES') 
T=TBO, 0 1 
1 2  CONTINUE 
STOP 
END 
SUBROUTINE Z T W  (SPOLEX, T ,N , ZPOLE) 
COMPLEX ZPOLE ( 2 0 )  , CEXP, SPOLEX(20) 
DO 1 I=P,N 




OPEN LOOP 2-PLANE TRANSFER FUNCTION PROGRAM 
The fol lowing computer program wi th  t h e  a i d  of t h e  subrout ines  f i n d s  
the  z-plane open loop e r a n s f e r  funcr ion  from information conta in ing  t h e  
r o o t s  and p a r t f a l  f raccfons  expansion e s e f f f c i e n t s  of t he  open loop 
s-plane t r a n s f e r  funceion,  This a lgori thm takes  i n t o  account a  zero 
o rde r  hold when t h e  P / s  rerm of t h e  hold device  has been incorpora ted  
i n  t h e  p a r t i a l  f r a c t i o n  expansion information ( t h a t  i s ,  t h e  p a r t i a l  
f r a c t i o n  sf G(s) / s  was found, raeher  than of G(s) ,  where G(s) i s  t h e  
s-plane open loop c r a n s f e r  func t ion ) .  With t h e  roo t  and p a r t i a l  f r a c -  
t i o n  informaeion f o r  a  p a r t i c u l a r  f l i g h t  t ime, a  z-plane open loop 
t r a n s f e r  func t ion  f o r  any sampling per iod  can be  obtained when t h i s  
program i s  employed, 
Def inf t fons  of i npu t  and output  v a r i a b l e s  of t h i s  r o u t i n e  a r e :  
A, 1, REXD - Vector of t h e  r e a l  p a r t s  of t h e  s-plane poles .  
2, AEXD - Vector of corresponding imaginary p a r t s  of s-plane 
po le s ,  
3, RECONl and AECONl  - The r e a l  and imaginary p a r t s  respec- 
t i v e l y  of t he  p a r t i a l  f r a c r i o n  expansion c o e f f i c i e n t s .  
These must be  i n  t h e  order  as  t h e i r  corresponding po le s .  
4 ,  TF - F l i g h t  t h e *  
B ,  Ourput Variables  
lo ANUMR - A vecror  of t h e  numerator c o e f f i c i e n t s  of t h e  z-plane 
open loop t r a n s f e r  func t ion .  
* This i s  both  an inpu t  and an output  v a r i a b l e .  
2, DENOM - A vec to r  of t h e  denominator c o e f f i c i e n t s  of t h e  
a-plane open l s s g  t r a n s f e r  func t ions .  ** 
DIMENSION REXD (201% AIXD(20) , RECON1 (20) , RECON2 (201, A(20), 
2 B(20), C(20), ~(20) , ANC(20,20), AD~(20,20), TCN(~O ,20) 
3 , XDB(20) , CHBRT(20), ANUMR(20), DENOM(20), AICON1(20), 
4 AICON2(20) 
DOUBLE PRECISION REXD, AIXD, RECON1, RECON2, A, B, C, D, ANC, ADC, 
2 TCN, XDB, CHART, AICONP, AICON2 
GAIN- 1,O 
DO PO JO=P,8 




WRITE (2,500) TF 
20 PORMAT('I', ~OX,'PLIGHT TIME = ',FPO.~,'SECONDS') 
500 FORMAT('FL1GHT TIME = ' ,FP0, 5, ' SECONDS ') 
DO 2 I=l,P4 
READ (1,P) REXD(I) , AIXD(I) , RECON~(I) , AICON~ (I) 
READ (I, 3) RECON2 (I) , AICON2 (I) 
f FORMAT (2DP6.8,2D24, P6) 
3 FORMAT (2D24.16) 
2 CONTINUE 
DO 4 I=l,P4 
A(I)= RECONP (I) ,+ RECON2 (I) 
4 B(I)= AICONP(1) + AICON2(I) 
WRITE(3,40P) (REXD(I) PAIXDCI) yA(I) ,B(I) ,I=1,P4) 
WRITE(2,502) (REXD(I) ,AIXD(I) ,A(I) ,B (I),I=1,14) 
501 FORMAT('0',2D16,8,2D24416) 
502 FORMAT(2DP6,8,2D24,f6) 
DO 10 J=P,P00 
WRITE (3,503) T 
WRITE (2,504) T 
503 FORMBFT('O',~OX,'SAMPLING PERIOD = ',~6.4) 
504 FORMAT ( ' SAMPLING PERIOD = \ ~ 6 ~ 4 )  
DO 120 P=1,P4 
~(1)- -DEXP (REXD(I)*T) * DCOS (AIXD(I)*T) 





JR= JR 9 1 
IF(AIXD(I))155,160,155 
155 ANC(JR,1)= 2,O * A(1) 
* 3e 
ANUMR and DENOM a r e  ordered normally a s  def ined  on page 9 7 .  
ANC(JR,2)= ZOO * (A(1) * C(I) + ~(1) * D(I)) 
ADC(JR,P)= 1.0 
ADC(JR,2)= 2,O 
ADC(JR,3)= C(1) * C(1) + D(1) * D(I) 
I = I C 2  
IF(I-IQ)150,150,180 





I - I i - 1  
TF(1-IQ) P50,l5O9180 
180 CONTINUE 
CALL HELP (ADC,ANC,JR,TCN,XDB ,K) 
DO 6 IZ=1,14 
CHART(IZ)= 0,O 
DO 6 KZ=l,JR 
6 CHART(IZ)= CHART(1Z) + TCN(K2 $12) * GAIN 
DO 99 I=1,14 
DENOM@)= XDB(I) 
99 ANUMR(I)= CHART(I) 
~R1TE(3,101) (ANUMR(1) ,I=P914) 
WRITE (3, POI) (DENOM(1) , 1=1,14) 
WRITE (2,100) (ANUMR(1) ,I=1,14) 
WRITE (2,1000) (DENOM(1) ,I=P , 14) 
101 F0RMAT('O1 ,5E16,8) 
100 FORMBT(5E16e8) 





DIMENSION XDB(2O) , XDA(20), XD(20,20), COM(~~), ~ ~ ( 2 0 ~ 2 0 )  
E CON(20) , TCN (20,20) , XCOF(20) 




xDA(1)= ~ ~ ( 1 ~ 1 )  
xBA(2)- xD(1,Z) 
XDA(3)= XD(1,3) 
DO 23 N=l,LA 
K-1 
N-1 
DO 20 I=1,2 
20 cOM(I)= XN(M,I) 
DO 21 J-1,LA 
DO 13 I==1,3 





1 7  CALL POLMC(CON,COM,N,K,XCOF) 
K=K+N 
KZ=K+P 
DO 30 I = 1 , K Z  
30 COM(I)= XCOF(I) 
2 1  CONTINUE 
DO 2 2  I = 1 , K Z  
TCN(M,I)= COM(I) 
2 2  CONTINUE 
23  CONTINUE 
L= P 
I F  (XDB (3) ) 4 0 , 4 P ,  40 
40 L = 2  
4 1  I F ( L A ) 4 3 , 2 6 , 4 3  
43 LM=LA-2 
DO 25 I = 1 , L M  
N= P 
I F ( X D A ( 3 ) ) 4 4 , 4 5 , 4 4  
44 N=2  
45 CALL P OLMC (XDA', XDB , N , L , XCOF) 
L= L+N 
JX=L+P  
DO 31 N L = 1 , J X  
31 XDB (NL)  = XCOF (NL) 
IF(I-LM) 33,25,25 
33 KX= I 9  2 
DO 24 N X = 1 , 3  





DIMENSION C O N ( P ) ,  C O M ( I ) ,  X C O F ( ~ ) ,  C O N A ( ~ O ) ,  COMRA(~O)  
DOUBLE P R E C I S I O N  CON, COM, XCOF,  CONA, COMRA 
C 
C THE VECTOR CON I S  A VECTOR O F  THE C O E F F I C I E N T  O F  A POLYNOMIAL 
C O F  ORDER N, 
C THE VECTOR COM I S  A VECTOR O F  THE C O E F F I C I E N T S  O F  A POLYNOMIAL O F  
C ORDER M. 
C THE VECTOR XCOF I S  A VECTOR O F  THE C O E F F I C I E N T S  O F  THE PRODUCT O F  
C A POLYNOMIAL O F  ORDER N AND A POLYNOMIAL O F  ORDER M. THE 
C POLYNOMIAL O F  WHICH THE C O E F F I C I E N T S  ARE THE VECTOR XCOF HAS AN 
C ORDER O F  M -I- N 
C 
DO 1 I = P , M  
P CONA(1)  =O . 0 
NX=N+1 
DO 2 I = 1 , N X  
LX=M+I 
2 CONA(LX)=CON (I ) 
Mx=M+l 
DO 3 I=l,MX 
MY=m2-I 
3 COMRA(I)=COM(MY) 
DO 4 I=l,N 
NX=M+ 14-1 
4 COMRA(NX) =O . 0 
KY-M+N+l 
KX=KY 
DO 7 K=l,KY 
XCOF(K)=O.O 
DO 5 L=l,KX 
5 XCOF(K) =CONA(L) * COMRA(L)+XCOF(K) 
KX=KX- 1 






MODIFIED ROOT LOCUS PROGRAM AND THEORY 
The fol lowing computer program, which is  comprised of a  main 
program and two sub rou t ines ,  i s  t h e  program used f o r  ob ta in ing  t h e  
r o o t s  f o r  t he  modified roo t  locus method. The purpose of t he  main 
program i s  simply i n p u t ,  ou tput ,  and con t ro l .  The inpu t  and output  
v a r i a b l e s  a r e  i n t e r p r e t e d  as  follows : 
1. TF - F l i g h t  time 
2. YD - The complex s-plane roo t s  
3.  CONST - The complex p a r t i a l  f r a c t i o n  c o e f f i c i e n t s  of t h e  
open loop s-plane t r a n s f e r  func t ion  
4. T  - Sampling per iod  
5. GAIN - Open loop ga in  of t h e  system 
6. ANUMR - Vector of open loop,  numerator, z-plane c o e f f i c i e n t s  
i n  normal order .  
7 .  DENOM - Vector of open loop,  denominator z-plane c o e f f i c i e n t s  
i n  normal order .  
8, STARTP - Vector of p red ic t ed  s t a r t i n g  p o i n t s  f o r  f i nd ing  r o o t s  
9. ROOT - Vectors of roo t s  of  c losed  loop t r a n s f e r  func t ion  
10. ASRT - The abso lu t e  va lue  of a  roo t  f o r  determining i f  i t  
i s  o u t s i d e  t h e  u n i t  c i r c l e .  
A f t e r  t h e  r o o t s  of t h e  closed loop,  z-plane, c h a r a c t e r i s t i c  equat ion  have 
been found t h i s  program d e t e c t s  i f  any a r e  o u t s i d e  t h e  u n i t  c i r c l e ;  i f  
none a r e  ou t s ide  t h e  u n i t  c i r c l e ,  i t  fnd fca t e s  t h a t  t h e  system i s  s t a b l e .  
I f  some a r e  o u t s i d e  t h e  u n i t  c i r c l e ,  i t  denotes t h e  system as  being 
uns tab le .  
The sub rou t ine  PRDZ is  sub-program f o r  p red ic t ing  another  roo t  of 
a modified roo t  locus from knowledge of a previous soot  on t h e  locus .  
The t h e o r e t i c a l  background f o r  t h i s  program i s  presented i n  t h e  
fol lowing d iscuss ion .  
The c h a r a c t e r i s t i c  equat ion  of a  t y p i c a l  feedback c o n t r o l  system 
i s  of t h e  form 
l +  G(s,T) = 0 (A-1) 
where G(s,T) i s  t h e  open loop t r a n s f e r  func t ion  and T i s  t h e  parameter 
f o r  which a  locus i s  des i red .  The necessary and s u f f i c i e n t  condi t ions  
f o r  a p o i n t ,  so, t o  be  a  p o i n t  on t h e  locus a r e  
and 
where 
/G(so,T) = nT 
n  = 1 ,3 ,5  ... f o r  nega t ive  feedback 
n  = 0,2 ,4 ,  ... f o r  p o s i t i v e  feedback. 
The open loop t r a n s f e r  f u n c t i  on can be  w r i t t e n  a s  
G(x,y,T) = GR(x,y ,T) * jGI(x,y ,TI (A-4) 
i n  which G ~ ( x , ~ , T )  and GI (x,y,T) a r e  t h e  r e a l  and imaginary p a r t s  of  
G(x,y,T) r e s p e c t i v e l y ,  and x  and y  a r e  t h e  r e a l  and imaginary p a r t s  of 
t h e  complex v a r i a b l e  s. The magnitude and angle r e l a t i o n s  of (A-4) a r e  
and 
Le t t ing  Fl (x,y ,T) = t an  8, (A-6) i s  r e w r i t t e n  a s  
With F2 (x,y ,T) = I G ( X , ~  ,T) I then 
Equations (A-7) and (A-8) r ep re sen t  two hypersurfaces which a r e  func t ions  
of t h e  t h r e e  v a r i a b l e s  x,  y , and T. The manf f  o ld  of these  hypersurfaces 
i s  composed of s e v e r a l  l i n e s ,  namely t h e  t h r e e  dimensional l i n e s  of t h e  
r o o t  l o c i .  A po in t  on a l ocus ,  i s  a p o i n t  common t o  both su r f aces .  It 
i s  d e s i r e d  t o  f i n d  a l i n e  which is  tangent  t o  t h e  l i n e  of i n t e r s e c t i o n  
of t h e s e  two su r f aces .  Thfs i s  done by f i r s t  f i nd ing  t h e  g rad ien t s  of 
t h e  two su r f aces .  These a r e  
and 
a F 2 +  a F 2 +  a F 2 +  
VF, = - i - -j + -  k 
ax ay aT 
3 3 + 
where i, J ,  and k a r e  u n i t  vec to r s .  
Taking t h e  c ros s  product of t h e  two g rad ien t s  r e s u l t s  i n  
Equation (A-11) i s  a vec to r  which l i e s  i n  t h e  tangent  p lane  of t h e  mani- 
fo ld .  From (A-11) a s t r a i g h t  l f n e  tangent  t o  t he  i n t e r s e c t i o n  of t h e  
s u r f a c e s  can b e  obta ined  a t  any po in t  on t h e  manifold. A geometr ica l  
i n t e r p r e t a t i o n  of t h e  p reced ing  d e r i v a t i o n  can be  g a t h e r e d  from 
Figure  69. 
Now, f u r t h e r  i n f o r m a t i o n  r e g a r d i n g  t h e  p a r t i a l  d e r i v a t i v e s  w i l l  b e  
o b t a i n e d .  F i r s t ,  c o n s i d e r a t i o n  w i l l  b e  g i v e n  t o  t h e  t h r e e  p a r t i a l s  o f  
Fl (x ,y ,T) .  The p a r t i a l  o f  Fl (x ,y ,T)  w i t h  r e s p e c t  t o  x i s  
If t h i s  i s  e v a l u a t e d  a t  a p o i n t  on t h e  l o c u s  ( x ~ ,  y l ,  T I ) ,  i t  r e d u c e s  t o  
S i m i l a r l y ,  t h e  p a r t i a l s  w i t h  r e s p e c t  t o  y  and T e v a l u a t e d  a t  a p o i n t  on 





where i t  s h o u l d  b e  unders tood t h a t  GR,  G I ,  and F1 a r e  f u n c t i o n s  of 
x ,  y ,  and T. By a s i m i l a r  a n a l y s i s  t h e  p a r t i a l s  of F2 a r e  d e r i v e d  as 
and 
Again, i t  should b e  understood t h a t  F2 and GR a r e  func t ions  of x ,  y ,  and 
T. Furthermore, from h e r e  on i t  should b e  understood t h a t  t h e  p a r t i a l s  
and func t ions  a r e  eva lua ted  a t  a  po in t  on t h e  locus.  Therefore,  f o r  con- 
venience,  t h e  eva lua t ion  n o t a t i o n  w i l l  be  dropped. 
Although t h e  c r i t e r i o n  f o r  determining a  s t r a i g h t  l i n e  i n  t h e  
d i r e c t i o n  of t h e  i n t e r s e c t i o n  of t h e  su r f aces  was der ived  using t h e  
g rad ien t s  of t h e  s u r f a c e s ,  i t  is not  r e a l l y  necessary t o  have t h e  grad- 
i e n t s ,  A l l  t h a t  i s  necessary is  t o  have vec to r s  i n  t h e  d i r e c t i o n  of t h e  
g rad ien t s .  For t h i s  reason t h e  f a c t o r  l / G R  can be  dropped from t h e  par- 
t ia ls  of F1, and t h e  f a c t o r  2GR can b e  dropped from t h e  p a r t i a l s  of F2. 
S ince  t h e  r e s u l t  i s  no longer  t h e  t r u e  g rad ien t s  b u t  s c a l e d  ve r s ions ,  a  
prime w i l l  be  used i n  t h e  g rad ien t  no ta t ion .  Thus, t h e  s c a l e d  g r a d i e n t s  
a r e  
From (A-19) and (A-20) one can observe t h a t  t h e  problem reduces t o  
considering t h e  i n t e r s e c t i o n  of t h e  two s u r f a c e s  formed by t h e  r e a l  and 
imaginary p a r t s  of G(s ,T) . I n  f a c t ,  from t h e  beginning one would 
i n t u i t i v e l y  t h i n k  t h a t  t h i s  would be  t h e  r e s u l t .  However, i n  o rde r  t o  
main ta in  a s  much mathematical r i g o r  a s  p o s s i b l e  t h e  magnitude and angle  
approach was chosen a s  t h e  i n i t i a l  p o i n t  of a t t a c k .  
Under c e r t a i n  circumstances,  i t  i s  necessary t o  s t i l l  th ink  of t h e  
g r a d i e n t s  as being those  of t he  magnitude and angle  r e l a t i o n .  For exam- 
p l e ,  i n  a r e g u l a r  r o o t  locus  t h e  angle  r e l a t i o n  is  completely independent 
of t h e  open loop ga in .  Thus t h e  p a r t i a l  of t h e  ang le  func t ion  wi th  
r e spec t  t o  open loop ga in  i s  zero,  This  r e s u l t  i s  no t  obvious from 
(A-19) and (A-20), bu t  is e a s i l y  deduced from t h e  magnitude and angle  
func t ions  (A-7) and (A-8). 
Returning t o  (A-19) and (A-20) i t  i s  now p o s s i b l e  t o  ob ta in  a 
s t r a i g h t  l i n e  which is  tangent  t o  a locus .  This  is  e a s i l y  done, and t h e  





E (A- 2 1 )  
3% ~ G R  3% aG1 ~ G R  aGI aG1 aGR aG1 ~ G R  aGI aGR 
----- ----- ----- 
where Ax, Ay, and AT a r e  (x  - x l ) ,  (y - y l ) ,  and (T - T1) r e spec t ive ly  
and x l ,  y l ,  and TI  a r e  p o i n t s  on a locus .  
From (A-21) i t  is poss ib l e  t o  p r e d i c t  a p o i n t  (x  + j y )  on a locus 
f o r  some increment,  AT, of t h e  parameter f o r  which t h e  locus is being 
made. For sma l l  va lues  of AT t h e  p red ic t ed  po in t  w i l l  b e  very a c c u r a t e a 4  
The preceding method f o r  p red ic t ing  p o i n t s  on a locus i s  only 
app l i cab le  i f  t h e  p a r t i a l  d e r i v a t i v e s  can b e  found. For a sampled-data 
system t h i s  i s  an easy t a s k  i f  t he  open loop t r a n s f e r  func t ion  is i n  t h e  
p a r t i a l  f r a c t i o n  expansion form. I f  t h i s  i s  t h e  case ,  then  t h e  open 
loop t r a n s f e r  func t ion  i s  of t h e  form 
C l Z  c2z 
G(z) = K [  + 
p 2T + ...I , 2 - e  p lT  z  - e  
where t h e  C ' s  are t h e  p a r t i a l  f r a c t i o n  c o e f f i c i e n t s ,  t h e  p ' s  a r e  t h e  
poles  of t h e  s-plane open loop t r a n s f e r  func t ion ,  and K is  t h e  open loop 
gain.* Le t t i ng  Gn(z) b e  t h e  n t h  term i n s i d e  t h e  parentheses  of (A-22) 
and l e t t i n g  t h e  complex v a r i a b l e  z  = x + j y  
Cn(x + j y )  
~ ~ ( 2 )  = (A-23) 
(X + j y )  - (eonT cos U,T + jeonT s i n  U ~ T )  
where o and un a r e  t h e  r e a l  and imaginary p a r t s  r e spec t ive ly  of t h e  pn 
i n  (A-22). Af t e r  r a t i o n a l i z i n g  (A-23), i t  can be  sepa ra t ed  i n t o  its 
real and imaginary p a r t s .  This allows f o r  t h e  r e a l  and imaginary p a r t s  
of (A-22) t o  b e  w r i t t e n  r e spec t ive ly  a s  t h e  sum of t h e  r e a l  and imaginary 
p a r t s  of  t h e  i n d i v i d u a l  terms of (A-22). Thus, 
and 
i n  which GR iis t h e  r e a l  p a r t  of t h e  i t h  term of (A-22), G I i  is the  
imaginary p a r t  of t h e  i t h  terms of (A-22), and M is  t h e  number of terms 
i n  (A-22). S ince  a  p a r t i a l  of a  sum i s  equal  t o  t h e  sum of t h e  p a r t i a l s ,  
i t  i s  obvious how t h e  necessary p a r t i a l s  d e r i v a t i v e s  can be  obtained 
from (A-24) and (A-25). 
- * ~ f  a zero o rde r  hold has  been inc luded ,  then  t h e  z  i n  t h e  numerator 
must bp changed t o  a  z  + 1. 
The subrout ine  POLSER i s  an algori thm f o r  f i nd ing  t h e  roo t s  of a 
polynomial. The s t e p s  i t  uses i n  computation a r e  as  fol lows:  
1. Se t  a s t a r t i n g  p o i n t  
2. Using the  s teepes  t -accent  method, f i n d  a good approximation 
t o  a roo t  
3. Taking t h e  approximation, use t h e  Newton-Raphson technique t o  
r e f i n e  t h e  approximation u n t i l  i t  i s  w i t h i n  some preassigned 
E of t h e  exac t  value.  
4 .  I f  t h e  roo t  is  complex, s e t  t h e  next  r o o t  equal  t o  t h e  com- 
p l e x  conjugate  of t h i s  roo t .  
5. Find a reduced polynomial by f a c t o r i n g  out  t h e  term involv ing  
t h e  roo t  o r  roo t s .  
6, With t h e  reduced polynomial r e t u r n  t o  s t e p  1 and cont inue t h e  
process  u n t i l  a l l  r o o t s  have been found. 
A s  w a s  mentioned i n  t h e  procedure of computation, t h e  s t eepes t -  
accent  method i s  used f o r  f i nd ing  approximations t o  t h e  r o o t s .  This 
method i s  w e l l  known f o r  f i nd ing  maxima and minima of a func t ion ,  b u t  
i t  has had l i t t l e  a p p l i c a t i o n  f o r  f ind ing  roo t s  of an equat ion.  Applying 
t h i s  method t o  root  e x t r a c t i o n  f o r  a polynomial of a complex v a r i a b l e  is  
very simple. F i r s t ,  f i n d  t h e  absolu te  va lue  squared of t h e  polynomial. 
This new func t ion  w i l l  b e  a r e a l  func t ion  t h a t  i s  a func t ion  of two r e a l  
v a r i a b l e s ,  x and y,  which a r e  t h e  r e a l  and imaginary p a r t s  r e spec t ive ly  
of t h e  independent v a r i a b l e  of t h e  o r i g i n a l  polynomial. I f  t h e  o r i g i n a l  
polynomial was of o rde r  n ,  t h i s  func t ion  w i l l  have n abso lu t e  minima 
which w i l l  occur a t  t h e  x and y corresponding t o  t h e  r o o t s  of t h e  
polynomial. These minima can e a s i l y  be found using t h e  s teepes t -accent  
method i f  they a r e  t h e  only minima of t h e  func t ion ,  and, i n  f a c t ,  they 
a r e  t h e  only minima. A proof of t h i s  i s  stat& and proved i n  t h e  
fol lowing theorem. 
THEOREM - The abso lu t e  va lue  squared of an n t h  o rde r  polynomial 
has  R l a b s n h t e  m&riima, and they a r e  l oca t ed  a t  t h e  r e a l  and imaginary 
p a r t s  of t he  r o o t s  of t h e  polynomial. A11 o t h e r  extremals  a r e  s add le  
po in t s .  
PROOF - Let  s = s + j y  wherevx and y a r e  r e a l  v a r i a b l e s .  Suppose 
t h a t  F is  an n t h  o rde r  polynomial i n  s such t h a t  
P(S) = sn + sn-' + an-, + . . . + ag (A-26) 
Separa t ing  F i n t o  i t s  r e a l  and imaginary p a r t s  (A-26) becomes 
F(x,y) a R(X,Y~ + j I ( x S y ) '  (A-27) 
where R i s  t h e  .real- p a r t  of F and Z is the imaginary p a r t  OFF. Since  
a polynomial i s  an a n a l y t i c  func t ion ,  t h e  Cauchy-Rieman equat ions  s t a t e  
t h a t  
and 
where f o r  b r e v i t y  t h e  func t ion  n o t a t i o n  has been dropped and f o r  con- 
venience w i l l  b e  dropped i n  a l l  remaining equat ions of t h i s  s e c t i o n .  The 
a b s o l u t e  va lue  squared of (A-27) is 
f = R ~ + I ~  . (A-29.) 
The necessary condi t ions  f o r  an extremal  of (A-29) t o  occur i s  f o r  af = 0 
ax 
a f  
and - = 0. Taking t h e s e  p a r t i a l s  and s e t t i n g  them equal  t o  zero ,  t h e  
ay 
r e s u l t s  a r e  
and 
An obvious s o l u t i o n  t o  these  equations is  t h e  x and y s o  t h a t  R = 0 and 
I = 0. The x and y f o r  which t h i s  occurs is simply the  r e a l  and 
imaginary p a r t s  of the  roots  of the  o r i g i n a l  polynomial. Using t h e  
Cauchy-Rieman equation, the  o the r  so lu t ions  of (A-30a,b) would occur 
f o r  the  x a d  y s o  t h a t  
Equations (A-3la,b) could occur when R = 0 and I = 0. I n  f a o t ,  t h i s  is  
one case. However, (A-3la,b) can a l s o  occur when R # 0 and I # 0. The 
type of thege extremals (maximum, minimum, o r  saddle point )  must be 
determined. I n  order  t o  f i n d  i f  these  extremals a r e  maxima, minima, o r  
saddle  points  a l l  the  second p a r t i a l s  of f must be obtained s o  t h a t  
s i g n  of fxy2 - fLx fyy can be inves t iga ted .  The symbols fxy,  fxx, and 
f~~ 
are respect ive ly  




Using t h e  Cauchy-Riernan equat ions  and l e t t i n g  
and 
(A-33) becomes 
(R2 + 1 2 )  ( A ~  + B ~ )  > 0 (A-36) 
i f  A o r  B is non-zero. For t h i s  case  a l l  t h e  extremals  are sadd le  
po in t s .  By considering t h e  h ighe r  d e r i v a t i v e s  and t h e  geometry of t h e  
problem t h e  same r e s u l t  can b e  extended t o  i nc lude  t h e  case  where 
DIbQ3NSlON CHEQ(20), ANUMR(20), DENOM(~O) 
COMPLEX XD (20,20) , CONST*16 (20,20) , Y~*16 (20,20) , STARTP (20) , 
1 ROOT(20), ZNEW, ZOLD, CMPLX, CABS, CONJG 
COMPL$X ZSTART(20) 
CALL .INTERD 
DO 100 J0=1,8 
 READ(^,^) TF 
WRITE (3,5) TF 
1 FORMAT(14X,FlO.S) 
5 FORMAT('lt,35X,'FLIGHT TIME =',F10.5) 
DO 6 1=1,13 
ROOT(I)= 1.0 
6 STARTP (I)= 1.0 
DO 3 I=1,14 






DO 4 1=1,14 
4 XD(I,2)= YD(I,2) 





READ (1,12) (ANUMR(1) ,I=l,lk] 
READ (1,12) (DENOM(1) ,1=1,14) 
10 FORMAT (17X, F6.4) 
12 FORMAT (5E16.8) 
13 CONTINUE 
GAIN=-1.0 
DO 15 I=1,14 
15 CHEQ(I)= DENOM*I)+ GAIN * ANUMR(1) 
DO 19 I=l,LP 
CHECK,= ABS (CHEQ (15-1) /CHEQ (14-1) ) 
IF(CHECK-1.OE-04)17,17,21 
17 CHEQ(15-I)=O,O 







ZOLD= ROOT (I) 
CALL PRDZ(ZOLD,ZNEW,14,T,IER,DELT,GAIN,CONST,XD,UI,UJ,UK) 
IF(IER.NE , 0) ZNEW= ROOT (I) 









IF(IER.LT.98)GO TO 35 
WRITE (3,28) IER 
28 FORMAT('O1, 10X,'IER = ',IS) 
GO TO 100 
35 IF(IEND.LT.98)GO TO 40 
WRITE (3,38) IEND 
38 FORMAT('O',~OX,'IEND =',15) 
GO TO 100 
40 CONTINUE 
WRITE (3,45) T * 
45 FORMAT('0',12X,'SAMPLING PERIOD = ',F6.4) 
WRITE (3,50) 
50 FORMAT('O1 ,2X, 'PREDICTED ROOTS ' ,21X, 'ROOTS ' ,14X, 'MAGNITUDES OF ROD 
ITS') ' 
KS=O 
DO 65 I=1,13 
ABSRT= CABS (ROOT(1) ) 
WRITE (3,55) STARTP (I) , ROOT (I) , ABSRT 
55 F O R M A T ( ' O ' , ~ F ~ O . ~ , ~ O X , ~ F ~ O . ~ , ~ O X , F ~ ~ . ~ )  
IF(ABSRT,GE.l.O)KS=l 
65 CONTINUE 
IF(KS.LT.I)GO TO 80 
WRITE (3,70) 
70 FORMAT (' 0' ,30X, ' *** SYSTEM UNSTABLE * * * I )  
GO TO 95 
80 WRITE(3,90) 







C PREDICT Z 
C 
COMPLEX CABS,CEXP,CONST~~~(~O,~O),XD(~~,~O),SON 
COMPLEX*16 ROOT*8, ZPRED*8, ZX, CDABS, ZY, ZT, CMPLX*8, SUM 
DOUBLE PRECISION PRNX,PRNY ,PRNT ,PINX,PINY ,PINT ,PDNX,PDNY ,PDNT, 




PGX=O . 0 
PGY-0. 0 






DO 3 I=l,N 
SON= CONST (I, 1) 
D= REAL(S0N) 
E= AIMAG(S0N) 
E= E* K 
D = D * K  
OMEGA= -AIMAG (XD (I, 2) ) 
A=$ - REAL(XD(I,2)) 
ACOS= COS (+OMEGA * T )  
ASIN= SIN(+OMEGA * T )  
mXP= EXP(-A * T) 
4 P m X =  2 . 0  * X - AEXP * ACOS - 1.0 
PRNY= 2 . 0  * Y + AEXP * A S I N  
PRNT= A * AEXP * ( ( X  - 1 . 0  ) *  ACOS - Y * A S I N )  + OMEGA * AEXP * 
1 ( (  X - 1.0) * A S I N  + Y * ACOS) 
PINXz-AEXP * A S I N  - 
PINY=-&XP * ACOS + 1.0  
P I N T =  A * AEXP * (Y * ACOS + (X - k.O:*q&IN) - OMEGA * M X P  * 
1 ( ( X  7 1.0) * ACOS - Y * A S I N )  
PDNX= 2.0 * X - 2 . 0  * AEXP * ACOS 
PDNY= 2 . 0  * Y + 2.0 * AEXP * A S I N  
PDNT= 2.0 * A * AEXP *( X *ACOS - Y * A S I N )  + 2 . 0  * OMEGA * UXP * 
1 ( X * A S I N  + Y * ACOS) - 2 .0*A * AEXP*AEXP 
DN=X*X + Y*Y - 2 . 0  * AEXP * (X * ACOS- Y * A S I N )  + U X P  * AEXP 
I F ( D N ) 7 , 6 , 7  
6 Y= Y + 1 . O E - 0 6  
GO TO 4 
7 RN= X*(X - 1.0)  + Y*Y - AEXP * ( ( X  - 1.0) * ACOS - Y * A S I N )  
AIN= Y - AEXP * ( ( X  - 1.0)  * A S I N  + Y * AcOS) 
P R I X =  (DN * PRNX - RN * P D N x ) /  (DN * DN) 
PRIY= (DN * PRNY - RN * PDNY)/ (DN * DNX 
P R I T =  (DN * PRNT - RN- * PDNT) / (DN * DN) 
P I I X =  (DN * P I N X  - AIN * PDNX)/ (DN * DN) 
P I I Y =  (DN * P I N Y  - A I N  * PDNY) / (DN * DN) 
P I I T =  (DN * P I N T  - A I N  * PDNT) / (DN * DN) 
PGX a PGX + P R I X  * D - E * P I I X  
PGY = PGY + P R I Y  * D - E * P I I Y  
P G T  = PGT + P R I T  * D - E * P I I T  
PIGX= P I G X  + P I I X  * D + E * P R I X  
PIGY= P I G Y  + P I I Y  * D + E * P R I Y  
3 P I G T =  P I G T  + P I I T  * D + E * P R I T  
ROOTR= REAL (ROOT) 
ROOTI- AIMAG (ROOT) 
U I u  PGY * P I G T  - P I G Y  * PGT 
US= P I G X  * PGT - PGX * P I G T  
UK= PGX * P I G Y  - P I G X  * PGY 
IF~UK.EQ.  O. O)IER=I 
IF(IER.GT,O)GO TO 10 
5 CONTINUE 
X= (UT/UK) * DT + ROOTR 






DIMENSION CONST (1) , COF(20) , YCONS (20) 
DIMENSION RCOF(20) 
DOUBLE PRECISION COF, YCONS, ALPHA,SUMSQ, RCOF 
DOUBLE PRECISION FR,FI ,?FRX,PFIX,PFRY ,PFIY ,FRO,FIO ,PFRXO, 
1 PFRYO,PFIXO,PFIYO,FR1,FI1,PFRX1,PFRY1,PFIYl,PFIX1,PFX,P~ 
COMPLEX>k16 SO,FUN, DERV, CDABS 
COMPLEX Sl,CMPLX, ROOT(20) ,CABS, STARTP (20) , CONJG 
N=W1 
DO PO I-l,N 
10 COF(I)= CONST(1) 
J= 1 
5 IEND= 0 
DO 6 I=1,N 
6 YCONS(I)=COF(I) 
XI= REAL (STARTP (J) ) 
YI= AIMAG(STARTP (J)) + 1. OE-04 
ISKIP= 0 
15 IEND= IEND + 1 
x= X1 
Y= Y1 P 
DO 18 I=P,N 
KJ-N -I- 1 - I 













DO 25 I=2,N 
PFRX= PFRX -+ RCOF(1) * PFRXO 
PFIX- PFPX + RCOF(1) * PFIXO 
PFRY= PFRY 4- RCOF(1) * PFRYO 
PFIY= PFIY + RCOF(I) * PFIYO 
FR= FR + RCOF(1) * FRO 
FI= FI + RCOF(1) * FIO 
FRP= X * FRO - Y * FIO 
FT1= Y * FRO + X * FIO 
PFRX1= FRO + X * PFRXO - Y * PFIXO 
PFIX1= Y * PFRXO + FIO + X * PFIXO 
PFRYl= X * PFRYO - FIO - Y * PFIYO 
PFIY1= FRO + Y * PFRYO + X * PFIYO 
PFRXO= PFRX1 
PFIXO- PFIXl 
PFRYO= PFRY 1 










































































k? ?7 0 W 0 




DO 44 I==P,MX 
44 YCONS(I)= CONST(E) 
3X= M 
GO TO 37 
45 ROOT(J)= SO 
SI= SO 
IF(~S(AIMAG(ROOT(J))~REAL(ROOT(J)))~LT.PPOE-O4)ROOT(J)=CMPLX( 
* REAE(S1) ,O,O) 
%P(AI~G(ROOT(J)),EQoOOO)GO TO 60 
ROOT (3-1) = CONJG (ROOT (J) ) 
J=J+ 2 
ALPHA- 2 * REAL(S1) 
SUMSQ- REAL(SI) * REAL(SI_) + AIMAG(SI) * AIMAG(S~) 
N=N- 2 
GO TO 140 
60 J= J + 1 
SUMSQ- 0,O 
ALPHA= REAL ( s I 'I 
N=N- % 
I40 COF(2)- COF(2) 4- ALPHA COF(P) 
NX= N-l 
145 DO 150 L=2,NX 





OPEN LOOP SAMPLED-DATA FREQUENCY RESPONSE PROGRAM 
The ensanng d r g f t a l  r o u r i n e  i s  an open loop frequency response 
program f o r  rhe s i m p i ~ t f e d  ve r s ion  of ehe sampled-data c o n t r o l  system 
ct che Sa turn  V / S - I c ,  The Inpu t  variables a r e  def ined  i n  t h e  
f s i l awing  Xis c : 
1, TF - F l i g h t  efme 
2, YD - The open Poop s-plane r o o t s  
3 ,  CONS1 - The p a r t i a l  f r ace ion  expansion c o e f f f c i e n t s  of 
sH,Ws,(GT + K A o G s  + K - ,  Gi) 
4,  CONS2 - The p a r e f a l  f r a c t i o n  expansion c o e f f i c i e n t s  of 
H,Wss(GT -t- K : G ,  + K, G ) which is  a l s o  ob ta ined  from 
4 - 
Figure  6 ,  
ALP che preceding informat ion  i s  simply t h e  ou tput  in format ion  of  t h e  
pcasgrzim i n  Appendix A. The output  information i n  t h i s  program i s  
w e l l  def ined  on f r s  p r m t - o u t s ,  
The method of  obra in ing  t h e  frequency response i s  t o  t ake  t h e  
z-eransfsrm ro-m sf she  open loop t r a n s f e r  func t fon  and then  plug 
i n  va lues  of z t hac  a i e  on t h e  unfe c i r c l e ,  The g e n e r a l  incrementa t ion  
of Ehe 2's i s  accomplished by pfeking f i f e y  evenly spaced p o i n t s  on t h e  
unac e f r e l e  between z = 1 and z = -3.. The program t akes  a d d i t i o n a l  
p o i n t s  I f  po les  of t h e  open Poop t r a n s f e r  func t ion  a r e  w i th in  some 
preass igned  6 of t he  unie  c i r c l e ,  The reason  f o r  t h i s  i s  t o  keep t h e  
p r i n t e d  oue phase angles  and magnftudes from changing abrupt ly .  
COMPLEX G S I R  
COMPLEX X D ( 2 0 , 2 0 )  , CON ST*^^ ( 2 0 , 2 0 1  , ~ ~ * 1 6  ( 2 0 , 2 0 )  
COMPLEX*%Q A ( 2 O )  ,G§AM, Z 
COMPLEX GSUM, CEXP , CMPLX, ARGU, CABS,  WROOT 
CBMF'LEX*16 C O N S 1  ( 2 0 , 2 0 )  , CONS 2 ( 2 0 , 2 0 )  
DIMENSION WCRIT  ( 2 0 )  
COM?LEX G C O W S  
F O R  NO HOLD D E V I C E  H SHOULD EQUAL 0.0 
F O R  A ZERO ORDER HOLD T O  BE INCLUDED H SHOULD EQUAL I. 
DECLARE ORDER O F  S Y S T E M ( I F  A HOLD DEVICE I S  USED,  I T  MUST B E  
INCLUDED) . 
L P = l 4  
DO 65 L T F - 1 , 8  
S E T  STARTING VALUE O F  T .  
S E T  OPEN LOOP GAIN 
W R I T E  (3,s) T F  
1 FOEMAT ( P 4 X 9 F P 0  = 5) 
5 F O R M A T ( ' ~ ' , ~ O X , ~ P L I G H T  T I M E  = ' ,F10,5) 
DO 3 I=1 ,LP 
REBD(1,2) Y D ( E , 2 ) ,  C O N S P ( I , P )  
R E A D ( I , 4 )  C O N S 2 ( 1 9 P )  
2 PORNAT ( 2 D 1 6 , 8 , 2 D 2 4  3) 
4 EORNAT ( 2 ~ 2 4 ~ 1 6 )  
C O N S T ( I , I ) =  C O N S 1 ( 1 , 1 )  -F C O N S 2 ( 1 2 1 )  
XDCE,H)= 1 , O  
YD(T ,P )=  f 6 0  
C O N S T ( I , ~ ) =  o q o  
X D ( 1 , 2 ) =  Y D ( I , 2 )  
3 CONTINUE 
DO 60 K O = % , k 5  
T= I" a 0.01 
W R I I E ( 3 , 7 )  1 
7 F O W T ( P 0 ' , 3 0 X , f S ~ ~ L I N G  P E R I O D  = ' F 6 , 4 )  
DO 30 I - I , L P  
30 A ( I ) = C E X P ( X D ( I  , 2 )  * T) 
WRITE ( .3 ,32)  
3 2  FORMAT( ' 0' , j O X ,  ' OPEN LOOP P O L E  LOCATIONS ' ) 
W R I T E ( 3 , 3 4 )  ( A C I )  ,I=l, 1 9 )  
34 F O W T f s  "6F13.5) 
WRITE ( 3 ,  PO) 
10 PO~T(fO',~X,'FREQUENCY',4X,1FREQUENCY',~Xy1~GNITUDE1y~X~ 
I ' M A G N I T U D E 1 , 3 X , ' P H A S E  ANGLE',4X,'ONEGA-Wf/SX,'IN HZ',~X, 
2 ' I N  R a D / S E C \ , S X , ' D B s , 8 ~ , 1 ~ ~ ~ ~ ~ ~ S S 1 , 6 X , 1 1 ~  D E G 1 , 5 x , ' I N  M/SEC' 
DETERMINE FREQUENCY INCREMENT,  
DELW- 3 ,  E b 1 6 J  ( 5 0 , O + k T )  
OrnGA- 0 , o  
OMF;GAL=O 0 0 
LX= 0 
CHECK TO S E E  I F  &VY OPEN LOOP P O L E S  ARE I N  A DELW DISTANCE O F  
THE U N I T  C I R C L E ,  
DO 22  I - 1 , E P  
WROOT = C M P L X ( O , O , A I ~ G ( X D ( I  , 2 )  ) )  
IF(C&S(CEXP(XD(I,2)*T]-CEXP(WROOT*T))~GT6/53 ) GO TO 2 2  
~P(CABS(XD(~,~)).EQ~O~O)GO T 22 
LX=LX+1 
WCRIT  ( L X ) =  AIMAG (XD (I, 2 )  ) 
22 CONTINUE 
D E F I N E  SUB-FREQUENCY INCREMENT. 
S E T  F R E Q W N  CY , 
OMEGA= OMEGA 4- DELW 
MUL=O 
KSTOP=O 
DETERMINE I F  THE CHOSEN P O I N T  ON ?HE U N I T  C I R C L E  I S  W I T H I N  A DELW 
DISTANCE FROM A OPEN LOOP P O L E ,  I F  I T  I S ,  SUB-INCREMENT THE 
FREQUENCY I N  A DELW INTERVAL,  
L F ( L X , E Q , O ) G O  T O  2 6  
DO 2 4  I = 1 , L X  
IF(~~B%(WCRIT(I)-OMEGA)~GT~DEEW)GO TO 24 
MULE f 0 
OHEGA= W C R I T ( 1 )  - D E E W / 2 . 0  
IF(0mGA-OMEGIILcETeOOO)OMEGA~O~GAL 
24 CONTINUE 
I F ( M U L , E Q , O ) G O  TO 26 
25 OMEGA=OPIEGA + WINK 
2 6  CONTINUE 
CALCULATE THE MAGNITUDE AND PHASE O F  THE OPEN LOOP TRANSFER 
FUNCTION A T  THE CHOSEN FREQUENCY. 
C 
C EVALUATE COMPENSATOR AT CHOSEN FRl3QUENCY. . 
C 
G C O W S =  ( I 0 1 * Z * Z + 0 , 2 * Z - 0 , 9 )  / (2 .4*Z*Z-1 .6*2 )  
DO 40 I = P , L P  
40 GS& GSAM + GAIN * CONST ( I ,  1) * (2- H) / ( z -A(1 ) )  
G S I R =  GSAM 
GCANCL= 53 ,3  * AFAN2(AIMAG(GSIR)  , R E A L ( G S I R ) )  
COMPCG= 2 0 , o  * ALOGPO(CABS(GSIR)) 
GSUM* esm * GCOMPS 
GMAG== CABS ( GSUM) 
B= a n w ( e s u M >  
C- REAL(GSUM) 
ANGLE= 53 ,3  * A T A N ~ ( B , c )  
FRHZ- O M E G A 1 6 . 2 8 3 2  
GMGDB= 2 0 ~ 0  * ALOGIOCGMAG) 
I~(ABS((OMEGA*T/~,O)-P~~~O~)~LT.O~OOO~)~MEGA=OMEGA+DELW/~.O 
OMEGAW= TBN(OMEGA * T / 2.0) 
WRITE ( 3,45 ) FRHZ , OMEGA, GMAGDB , GMAG , ANGLE, OMEGAW , COMP CG , 
1 GCANCL 
45 FORMAT('  ' , 8 F P 3 . 5 )  
OMEGAL- OMEGA 
c 
C DETERMINE I F  OMEGA * T I S  GREATER THAN P I .  I F  I T  I S ,  TERMINATE 
C F O R  THE SAMPLING THAT I S  B E I N G  USED.  
C 
I F ( O M E G A O G T .  3 , 1 4 1 6 / T ) G O  TO 53 
KSTOP= KSTOP + P 
I F ( K S T O P , L E , M U L ) G O  TO 2 5  
50 CONTINUE 
53 CONTINUE 
W R I T E  (3,551 
55 F O R M A T ( ? P ~ )  
60 CONTINUE 
65 CONTINUE 
S T O P  
END 
AF'PENDIX F 
REGULAR ROOT LOCI PROGRAM 
The succeed ing  computer program i s  a v a r i a t i o n  of t h e  computer 
program f n  Appendfx D ,  The i n p u t  and o u t p u t  v a r i a b l e s  are t h e  same. 
The d x f f e r e n s e  rs rhac  c h r s  program i s  used f o r  f i n d i n g  r o o t  l o c a t i o n s  
s o  t h a c  a r e g u l a r  hooc l o c u s  can b e  made. S l i g h t  m o d i f i c a t i o n s  have 
been  made f n  r h e  main program and i n  t h e  s u b r o u t i n e  PRDZ. The modi- 
f i e a c i s n s  i n  t h e  maln program are t h a t  t h e  sampling i s  h e l d  c o n s t a n t  
whrYe r h e  g a r n  i s  varned ;  whereas ,  i n  t h e  program i n  Appendix D t h e  
g a i n  i s  h e l d  eonscans  and t h e  samplfng p e r i o d  i s  v a r i e d .  The changes 
i n  t h e  s u b r o u c i n r  PRDZ were  s o  c h a t  a n o t h e r  r o o t  would b e  p r e d i c t e d  
when a change f n  g a i n  o c c u r s ,  r a t h e r  rhan a change i n  sampling p e r i o d  
as i n  Appendix D o  
DIMENSION CHEQ (20)  , ANuMR(~O) , DENOM(20) 
COMPLEX XD(20), ~ 0 ~ ~ ~ * 1 6 ( 2 0 , 2 0 ) ,  YD*l6(20,20), STARTP(20), 
l ROOT(20),ZNEB, ZOLD, CMPLX, CABS, CONJG 
COMPLEX ZSTART(20) 
CALL INTERD 
DO I 0 0  J O = I c 8  
READ(I,P) TI? 
WRITE ( 3 , s )  TF 
B FORKAT(14X,FE0,5) 
5 F O ~ T ( ' ~ ' , 3 5 X 9 ' F L I G H T  INE = ? ,F l0 .5 )  
DO 6 I=1,Y3 
ROOT(1)- 0,O 
6 STARTP(I)= 0,O 
DO 3 I = I , P 4  
READ(B,2) YD(I,2),  CONST(1,l) 
2 PORMAT(2DY6,8,2D24,16) 
X D ( I ~ ~ ) =  l o o  
YD(19Y)= f , O  
CONST(I,2)= 0,O 
3 CONTINUE 
DO 4 I=1 ,14  
4 XD(I,2)= YD(1,2) 
IER= 0 
DELP-O, i 
DO 1 0 0  LOX= L , 3  
READ(I , IO)  T 
WRII'E(3,9) T 
9 FORMAT('0' ,12X.'SAMPLING PERIOD = ' , F 6 , 4 )  
READ ( 1 , 1 2 )  (ANUMR(1) , I = 1 , 9 4 )  
READ(P,12) (DENOM($) , 1 = 1 , 1 4 )  
1 0  F O R ~ Q L T ( P ~ X , F ~ , ~ )  
1 2  FORYAT ( 5 E 1 6 , 8 )  
GAIN--0,P 
DO 1 0 0  5=1,11 
LP=L3 
GALN=GAIN + 0 , 1  
IF (TF ,EQc lOO,O)GAIN-cArN-0 .2  
2 3  CONTINUE 
DO 1 5  I = l , l 4  
1 5  CHEQ(1)- DENOM(I)+ GAIN * ANUMR(1) 
DO 1 9  I = I , L P  
CHECK= ABS(CHEQ(15-I)/CHEQ(U-I)) 
IF(CHECK-1, OE-04)17 ,19 ,21  
1.7 CHEQ (15-I)=O 0 
LP-LP - 3. 
ROOT (14-1)- 0 0 
STARTP ( 1 4 - I ) =  0 , O  
1 9  CONTINUE 
2 1  CONTINUE 
I = E  
1 6  CONTINUE 
ZOLD- ROOT ( I )  
CALL PRDZ(ZOLD,ZNEW,14,T,IER,DELT9GAIN,CONST,) 
EF(IER,NEr 0 )  ZNEW= ROOT(1) 
STARTP ( I )  = ZNEW 
IF(AIMaG(ROOT(I)))20,18,20 
18 i = l + - B  
EFCI-LP) 1 6 , 1 6 , 2 5  
2 0  STARP (1+1)= CONJG (ZNEW) 
I = I + 2  
I F ( E - L P ) l 6 , B 6 , 2 5  
25 CONTINUE 
CALL POLSER(CHEQ,ROOT,IER,LEND9LP,STARTP) 
I F ( I E R , L T ,  98)GO TO 3 5  
WRITE ( 3 , 2 8 1  LER 
28  F O R W T ( ' 0 '  ,POx, ' IER ='  ,151 
GO TO 9 0 0  
35 IF(IEND.LTc98)G0 TO 4 0  
WRITE ( 3 , 3 8 )  IEND 
3s F O R M K T ( ' O \ , ~ ~ X ,  ' IEND = ' , I 5 )  
GO TO PO0 
4 0  CONTINUE 
WRITE ( 3 , 4 5 1  GAIN 
4 5  PORMAT('Ov,P2X,'OPEN LOOP GAIN = ' , F 6 . 4 )  
WRITE(3,50) 
50 P O W T ( ' O ' , ~ X , ' P I C E D I C T E D  ROOTS',2PX,'ROOTS',14X,'MAGNITUDES O F  
f R O O T S v )  
KS-0 
DO 65 I = P , 1 3  
ABSRT= CABS (ROOT (I) > 
W R I T E ( 3 , 5 5 )  S T A R T P ( I ) ,  R O O T ( I ) ,  ABSRT 
55 FORMAT('OC,2Fi0.5,EOX,2F10,5,POX,F11.8> 
I P ( A B S R T , G E ,  f , O ) K S = P  
65 CONTINUE 
I P ( K S , L T . l ) G O  TO 80 
WRITE ( 3 , 7 0 )  
7 0  P O W T ( ' O 1  ,30X, '*?k* SYSTEM UNSTABLE ***') 
GO TO 95 
80 WRITE ( 3 , 9 0 )  
90 FORMAT( '0 '  , 3 i X , ' * J t *  SYSTEM STABLE 7k**')  
95  CONTINUE 
P O 0  CONTINUE 
P i 0  CONTINUE 
STOP 
END 
SUBROUTINE PRDZ (ROOT ,ZPRED , N , T  , I E R , D T  ,K,CONST , X D , U I  ,UJ ,UK) 
C 
C P R E D I C T  Z 
C 
COMPLEX CABS ,CEXP, CON ST>:^^(^^ 3) , X D ( 2 0 , 2 0 )  ,SON 
COMIPLEX*PG ROOT*8, ZPRED*8,  Z X ,  CDABS,  Z Y ,  Z T ,  CMPLXk8,SUM 
DOUBLE P R E C I S I O N  PRNX,PRNY ,PRNT , P I N X , P I N Y  ,P INT,PDNX,PDNY ,PDNT,  
f DN,RN,AIN,PRIX,PRIY , P R I T , P I I X , P I I Y  , P I I T , P G X , P G Y , P G T , P I G X ,  




PGY=O , 0 
PGT==O, 0 
PIGX=O , 0 
P I G Y - 0 "  0 
PIGT==O , 0 
X;=RE& (ROOT .I 
Y-AIMG (ROOT) 
DO 3 I = 1 , N  
SON= C O N S T ( 1 , E )  
B= REALCSON) 
E =  A I M B e ( S 0 N )  
R= D 
S =E  
E= E &  K 
D=D * K 
OMEGA= -AXMAG ( X D ( I ,  2 )  ) 
A= - R E A L ( X D ( I , 2 ) )  
ACOS=COS (+OMEGA 2k T )  
ASIN-SIN(+OMEGA * T )  
AEXP=EXP(-A * T) 
4 PRNXg 2 , O  * X - AEXP * ACOS - 1.0 
P N Y =  2 , O  * Y + M X P  * ASTN 
PINX--AlZXP * A S I N  
PINY=-AEXP ;? ACOS + 1 , O  
PDNX= 2 , O  * X - 2 , O  * AEXP ACOS 
PDNY= 2 , O  * Y + 2 , 0  * AEXP 3t A S I N  
DN=X*X + Y*Y - 2 . 0  * ";XP X P ~  ( X  * ACOS- Y * A S I N )  C AEXP * AEXP 
I F ( D N ) 7 , 6 , 7  
6 Y= Y 9 9 , O E - 0 6  
GO T O  4 
7 RN= X*(X - 1 - 0 )  + Y*Y - AEXP * ( ( X  - 1.0)  * ACOS - Y * A S I N )  
AIN-  Y - AEXP * ( ( X  - E , O )  * A S I N  + Y * ACOS) 
P R I X =  (DN * PRNX - RN * PDNX) /  (DN :'i DN) 
PRIY= (DN * PRNY - RN * PDNY)/(DN >k DN) 
P R I T =  RN/DN 
P I I X = (  DN * P I N X  - A I N  * PDNX) / (DN * DN) 
PIIY=( DN PINY - AIN * PDNX)/(DN * DN) 
P I I T =  A I N / D N  
PGX= P G X  + P R I X  D - E J( P I I X  
PGY- PGY 9 P R I Y  * D - E * P I I Y  
PGT= P G T  9 P R I T  * R - S * P I I T  
PLGX= PIex 9 PIIX 9~ D + E * PRIX 
P I G Y =  P I G Y  + P L I Y  * D + E * P R I Y  
3 P I G T g  P I G T  + P I I T  * R + S * P R I T  
ROOTR= REAL (ROOT) 
ROOTI-  AIMAG (ROOT) 
U I =  PGY * P I G T  - P I G Y  * P G T  
U J =  PPGX * P G T  - PGX * P I G T  
U!L= PGX 2 t  P I G Y  - P I G X  * PGY 
I F ( U K n E Q , O . O ) I E R = l  
I F ( I E R , G T , O ) G O  T O  PO 
5 CONTINUE 
X= ( U I f U K )  * DT 9 ROOTR 
Y= ( U J f U K )  * DT + ROOT1 





DIMENSION CONST(P)  , C O F ( 2 0 )  , YCONS ( 2 0 )  
DIMENSION R C O F ( 2 0 )  
DOUBLE P R E C I S I O N  C O P ,  YCONS , ALPHA,SUMQ, RCOF 
DOUBLE P R E C I S I O N  F R , F I  , P F E X , P F I X , P F R Y  , P F I Y  ,FRO , F I O  ,E'ERXO, 
1 PFRYO , P F I X 0 , P F I Y 0 , F R 1 9 F 1 1  ,PFRX1,PFRY1,PFIY1,PFIX1,PFX9PFY 
COMPLEX*P6 S O ,  FUN,  DERV, CDABS 
COMPLEX S 1, CMPLX, ROOT ( 2 0 )  ,CABS, STARTP ( 2 0 )  , CONJG,  S I N T ( ~ ~ )  
N=M3-1 
DO PO I = P  ,N 
10  C O F ( 1 ) -  C O N S T ( 1 )  
J = P  
5 TEND= 0 
DO 6 I = P , N  
6 YCONS(I)= COFCI) 
X I =  REAL (STARTP ( J )  ) 
Y l =  AIMAG(STARTP(J)) + 1.OE-04 
ISKIP= 0 
I.5 IEND= IEND + 1 
X= X I  
Y= YP 
DO 1 8  I = l , N  
K J = N +  1 -  1. 
1 8  RCOF(I)= COF(KJ) 
FR= RCOF(E) 
FI= 0 , o  
PFRX= 0 , 0  
PFIX= 0 .0  
PFRY= 0,O 
PFIY= 0 .0  
FRO= X 
FIO= Y 
PFRXO= 1 , 0  
PFIXO= 0 - 0  
PFRYO= 0 . 0  
PFIYO= l o o  
DO 25 I=2,N 
PFRX= PFRX I- RCOF(1) * PFRXO 
PFIX= PFIX 9 RCOF(1) * PFIXO 
PFRY= PFRY + RCOFCI) * PFRYO 
PFIY= PFIY + RCOF(1) * PFIYO 
FR= FR + RCOF(I) * FRO 
PI= F I  + RCOF(I) * P I 0  
FRl- X * FRO - Y * FIO 
F I l =  Y * FRO + X * FIO 
PFRXl= FRO f X PFRXO - Y * PFIXO 
PFIXI. = Y * PERXO + FIO + X * PFIXO 
PFRYl= X * PFRYO - FIO - Y * PFIYO 








PFX= 2.0 ?+ f FR * PFRX + FI  J: PFIX ) 
PIT= 2,O * ( FR * PFRY + F I  * PFIY ) 
ZAFZDSQRT ( FR * FR e FI * FI) 
IER=O 
IF(ISKIP,EQ,O)ZAP= ZAP + 100000.0 
IF(ISKIP,EQ,O)GO TO 35 
IF(Z1P + ZIP/ZOP.GE,l.O)DELX= 0.30 
IF(ZIP 4- ZIP/ZOP,LT.P.OO) DELX= 0.20 
IF(ZIP 4- Z I P / Z O P , L T , O . ~ ~ )  DELX= 0.10 
IF(Z1P + ZIP/ZOP,LT,0.05) DELX= 0.05 
GO TO 27 
26 DEHX- DELX/2.0 
27 DELX- ABS (DELX) 
IF(PFX. GT. 0.0) DELX= -DELX 
DX= DELX 
28 XI= X + DX 
IF(PFX.NEoO,O)GO TO 30 
YL= Y - PFY * DX / DABS(PFY) 
X1= XI -DX 
GO TO 35 
30 Y1= (PPU/PFX) * DX + Y 
IF (ABS (Y 1-Y) 9 ABS ( DX ) . LT. SORT (2.0*DELX*DELX) )GO TO 35 
DX=DX/ 2,0 
GO TO 28 
35 CONTINUE 
ISKIP= 1 
36 SO= CMPLX(X1,Yl) 
IF (IER, GT. 9 8) GO TO 50 




37 FUN= YCONS(1) 
DERV- 0.0 
NXX= JX+ 1 
DO 40 I=l,JX 
P= NXX - I 
DERV= DERV * SO + YCONS(1) * P 
40 FUN= FUN * SO + YCONS(I+l) 
ZIP= CDABS (FUN) 
ZOP= CDABS (DERV) 
NEND= NEND 9 1 
IF(NEND, GT, 50) IEND=200 
IF(MONK.GT.O)GO TO 42 
IF(ZIP.GT.ZAP)GO TO 26 
IF(CDAB~(FUN/DER~)~GT~O~O~~)GO TO 15 
42 IF(IEND,GT. 98)GO TO 50 
IF(CDABS(FUN/DERV)+ZIPPLT.l&E-04)GO TO 43 
so- so - FUN/DERV 
GO TO 37 




DO 44 I=l,MX 
44 Y CONS (I) = CONST (I) 
JX= M 
GO TO 37 
45 ROOT(J)= SO 
S1= SO 
IF(ABS (AIMAG(ROOT(J)) /REAL(ROOT(J))) .LT. 1.OE-O~)ROOT(J)=CMPLX( 
* REAL(Sl),O.O) 
IF(AIMAG(ROOT(J)) ,EQ. 0 J)GO TO 60 
ROOT (J-4-1) = CONJG(RO0T (J)  ) 
J=J+ 2 
ALPHA= 2 J( R E A L ( S 1 )  
SUMSQ= R E A L ( S 1 )  * R E A L ( S 1 )  C AIMAG(S1)  * AIMAG(S1)  
N=N- 2 
GO TO 140 
60 J= J + 1 
SUMSQ- 0 , O  
ALPHA= R E A L ( S 1 )  
N=N- 1 
140 C O F ( 2 )  + ALPHA C O F ( 1 )  
NX= N - 1  
145 DO 150 L = 2 , N X  
150 COF(L+P)=  COF(Li-1)  + ALPHA * C O F ( L )  - SUMSQ * COF(L-1 )  
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